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Y et d > 1 be a given positive integer that is not a perfect
Ziegler square. Then it is well known that all solutions (X, Y) € Z?
of the Diophantine equation

X? —dY? =1
can be obtained from the formula
X+ YVd = £, keZ

where e = Xy + Ypv/d and (Xo, Yy) € Z2 is the solution with
Xo, Yo > 0 and Yp is minimal among all such solutions. We
call e = X + Yp/d the fundamental solution.
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Ziegler It is also well known that such a fundamental solution e
always exists.

However, for d large (say d > 107) it is quite a computional
challenge to find a fundamental solution for given d, unless
d is of some special form like d = n® + 1 for some integer n.
If we have found a fundamental solution ¢ to X% — dY? =1,
then we have
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Assume that neither a nor b are both perfect squares. Then
each individual equation has infinitely many solutions.
However, the system has at most finitely many solutions.
The question remains how many solutions?

Conjecture

The system of Pell equations
X2 —aY?=1 Z2_-bX?=1

has at most one solution in positive integers.
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X2 —ay?=1  Z°2-bX?=1,

with X, Y, Z > 0 has

m at most two solutions (Cipu, Mignotte 2007);

m has at most one solution if b = m? — 1 for some integer
m (Yuan 2002, Cipu 2007);

m All solutions are knonw if b =24 and ais a prime (Ali,
Chen, Zhang, Hu 2015);

m All solutions are known if b= m? — 1 and a = pq or
a = 2pq (Cipu 2018, Jiang 2020).
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Ziegler a square, e.g. that b = m2 +1.

Theorem (Hilgart, Z. 2024)

Leta > b > 2 be two positive integers, where b is fixed.
Then there exists an effectively computable constant a,
dependent only on b, such that for a > agy the simultaneous
Pell equations

X?—aY?=1, Z®-bX?=1 (1)

have at most one solution (X, Y, Z) in positive integers.
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Theorem (Hilgart, Z. 2024)

For1 < b < 10000, the simultaneous Pell equations

X2—aYe=1, Z2_pXx2=A7,

have at most one solution (X, Y, Z) in positive integers for
any a> b.
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And we know the fundamental solution § = Z, + X5/b of
the Pell equation
Z?—bX?=1.

That is any solution (X, Y, Z) of the system of Pell
equations satisfies

ek 6t — 5"

Note that ek ~ §¢b=1/2,
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Since log(1 + x) ~ x for x small, the above inequality
implies with x = ¢X6—¢/b — 1 the upper bound

‘kloge — Llogd + log \/B‘ < €2k,
By Baker’s theory of linear forms in logarithms (we apply a
theorem of Matveev) we obtain
exp (—Clogelogdlog blog k) <« ‘eké_Z\/B -1 ‘ < e %k

for some (large) constant C.
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and we obtain

k < logdlogblog (logdlogb).

If bis fixed we get an upper bound for k. Since also a and
therefore also log ¢ is fixed we can “find” all solutions to the
given system of Pell equations

X?—ay?=1, Z®P-bX*=1

and eventually prove that this system has at most one
solution.
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We still obtain an absolute bound for k, but we do not
find a bound for ¢, since kloge ~ £logd.

We still can prove that the system has at most a fixed
number of solutions (the bound for k) for arbitrary a, but
we are far off proving that there exists at most one
solution.

However, we made no use that two (or more) solutions
might exist.
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(X2, Yo, Z>) exist (without loss of generality X; < X2) and we

have two intersections:

Fopeh gl g
2 77 2vb
and
che 1 ke 5§l _ 5tz

2 %o
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‘k1 loge — ¢1logd + log \fb’ < bs—24

and
‘kz loge — o logd + log \Fb‘ < b2,

We eliminate log e form this system of inequalities and obtain

‘(kg — k) Iogﬁ — (U1ko — lakq) log (5‘ < k2(5_€1 .

Note that

|og5|ogb|og(|og5|ogb) > Ko > ko — kg > (51 ko — €2k1).
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l1logd < logblogdlog (logdlogb) < 1.

Since we have
Va<e< « Xy <6l <1,

the system of Pell equations has two solutions only if ais
“small”.
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The bound aq for a such that for a > ag the system of Pell
equations has at most one solutions is huge.

For b = 24 we get ap ~ 1033<1%°_ How to solve all
remaining Pell equations for a fixed b (say b = 24) to prove
the second theorem?

We assume that b is fixed.
Step 1: We use best approximation properties of continued
fractions (instead of Baker’s theory) and apply it to

k2 — k1 _ |Og(5
l1ko — l2k1  log /b

This yields a small bound L for ¢4.

< 5 b,
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Step 2: For each ¢ between 1 and L we compute

X = 522*\%2. Each x; is a candidate for X, such that
(X,Y,Z) is a solution to

X2 —aY? =1, Z%2 —bX?=1.
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If x, is part of a solution to the system of Pell equations

X?—aY?=1, Z2-bX®?=71,
then we have xZ — 1 = ay?. That is

Y =X +Yy/a

yields a solution to X2 — aY? = 1 and v, = €".

If we compute the square-free part s of x2 — 1 = ay? we
obtain a lower bound for a.

We obtain x < 21°€2 .= M. Note that ¢ > v/a > /s.

log s
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Step 4: We replace log € by 1 logy, in one of the linear
forms in logarithms and obtain:

ko log e — kls log 8 + klog Vb| < 672,

Using the “Baker-Davenport reduction” we obtain an upper
bound for ¢, for every possible x < M.
That is we find a small upper bound L for /5.
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X2 —aY?=1, Z2-bX?=1.

If they are part of two solutions we have

(OF = 1) —1) = ayfayl = (ayeye)”

That is we can check numeically whether

VR =) - 1)

is an integer or not. Only if it is an integer, two solutions
exist.
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We implemented this idea in Sage.

m Checking all (non-square) b in the range from 1 to
10000 took approximately 100 hours on a standard
desktop PC.

m A single b took about 37 seconds on average, while the
longest run was around 196 seconds.
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Thank you for your Attention!



