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Powerful and k-full Numbers
n € Z* such that p?|n whenever a prime p|n.

i.e. n=pS'ps2...pgk with each p; prime and g; > 2.

Equivalently: n = ab? for integers a, b with rad(a)|b.

Also called square-full numbers.
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Powerful and k-full Numbers
n € Z* such that p?|n whenever a prime p|n.

i.e. n=pS'ps2...pgk with each p; prime and g; > 2.

Equivalently: n = ab? for integers a, b with rad(a)|b.

Also called square-full numbers.

Generalization: nis k-full if p¥|n whenever a prime p|n.
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VARIOUS RESEARCH TOPICS ON POWERFUL NUMBERS

Distribution Problems (short intervals, counting, analytic
number theoretical)

Additive Problems (sums and differences of powerful
numbers)

Connections to the abc conjecture (polynomial values, linear
recurrences)

Consecutive Integers (three consecutive powerful numbers?)

Arithmetic progressions of coprime powerful numbers
(Erdos asked for four, solved by Bajpai, Bennett and Chan)

Three-term Equations (x + y = z in coprime k-full numbers)
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X + y = z in coprime k-full Integers x, y, z J
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X + y = z in coprime k-full Integers x, y, z J
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X + y = z in coprime k-full Integers x, y, z J

k=2

Infinitely many solutions: x2 + y2 = z2.
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X + y = z in coprime k-full Integers x, y, z

k=2

Infinitely many solutions: x2 + y2 = z2.

k = 3 (posed by Erdos)
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X + y = z in coprime k-full Integers x, y, z J

k=2
Infinitely many solutions: x2 + y2 = z2.
k = 3 (posed by Erdos)

Infinitely many solutions (Nitaj, Cohn).
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X + y = z in coprime k-full Integers x, y, z

k=2

Infinitely many solutions: x2 + y2 = z2.
k = 3 (posed by Erdos)

Infinitely many solutions (Nitaj, Cohn).

k=4
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X + y = z in coprime k-full Integers x, y, z J

k=2

Infinitely many solutions: x2 + y2 = z2.

k = 3 (posed by Erdos)
Infinitely many solutions (Nitaj, Cohn).
k=4

abc implies only finitely many solutions (Luca-de Koninck).
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X + y = z in coprime k-full Integers x, y, z

k=2

Infinitely many solutions: x2 + y2 = z2.

k = 3 (posed by Erdos)

Infinitely many solutions (Nitaj, Cohn).

k=4

abc implies only finitely many solutions (Luca-de Koninck).

OPEN PROBLEM Find a solution for k = 4 or prove that no
solution exists.
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A new construction to solve the case k = 3.
Construct integer solutions to
X3 1 y3 _ N3

with rad(N)|z and gcd(x, y) = 1.
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A new construction to solve the case k = 3.

Construct integer solutions to
X3+ y8 = N2°
with rad(N)|z and gcd(x, y) = 1.
The curve x2 + y® = Nz3 is birational to Y? = X® — 432N? by

x = Numer BN+ Y = Numer SN —¥
= ex )V~ 6X )’

(36N + Y)
z = Denom .

6X
e Start: find an integer N for which the rank is positive.
e We will focus on the case N = p is prime.
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Lemma

Let p > 3 denote an odd prime, and let
E:Y?=X3—-432p°.

If P = (u/d?, v/d®) is a point of infinite order on E, with p|d,
then (x,y) =1 and p|z.

ie. x2+y3=p*z/p)® and gcd(x,y)=1.

POINT: locate points on E which have p|d.
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E:=EllipticCurve([8,-432%49]);
Generators(E);

P:=Generators(E}[1];

far 3 in [1..10888] do

Q:=1#p;

X:=Q[1];

¥:i=Q[2];
d:=Integers(}!Floor(Denominator{X)~{1/2});
if d mod 7 £g @ then
1=Numerator((36=7+Q[2])/(6%Q[1]1));
r=Numerator((36*7-Q[2]1)/(6*Q[1]));
:=Denominator ({36%7+Q[21)/(6%Q[1]));
z1:=Integers()!{z/7);
[i,nyJZ1Jch(5¢¥),x“3+y“3-?“4*zln3];break;

[

end if;
end for;

[ (84 : -756 : 1) 1]
true true

[ 21, 569559482667959541305971332484]1547794592471204242997497015209278765218629%,
1622988334977, -569112421444469140794336466482457720542102674440344991728736186"
12794873136472079129593, 565698785293853927147559737366571154194569838754592287
329744927958783831895895051526, 1, @ ]
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A Divisibility Sequence (from multiples of a point)

Let E be an elliptic curve over Q and P € E a rational point of
infinite order. For k > 1 define dy by

kP = (u/d?,v/dd) gcd(u,dy) =1.

Then the sequence {dk} is a divisibility sequence. That is, if
k|/, then dk|d/.
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A Divisibility Sequence (from multiples of a point)

Let E be an elliptic curve over Q and P € E a rational point of
infinite order. For k > 1 define dy by

kP = (u/d?,v/dd) gcd(u,dy) =1.

Then the sequence {dk} is a divisibility sequence. That is, if
k|/, then dk|d/.

Corollary There are infinitely many solutions to Erdés’ problem.

Proof. For every k > 1, the point Q = (21k)P has denominator
divisible by 7, giving infinitely many pairwise coprime integer
solutions to

X2+ 3 =742
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E:=EllipticCurve([8,-432249]);
P:=Generators(E)[1];

Qi=42%P;

x:=Numerator ((36*7+Q12])/(620[11));
y:=Numerator((36%7-Q[21)/(6*Q[1]));
z1:=Denominator((36°7+Q[2])/(6*Q[11});
z:=Integers()!(21/7);

Ged(x,y)s

P S B A

%

¥

1

]

-348129596411643486287421915466348934542177349732209156291625034636896766896525",
1578741546326913848572598868928058785929222099859832311892810174414052759417442
6500185372826065683911155393134097654689163656112399674898596987660839908849590",
2787723650242130824663870496664076485475685251685151167816231335619974808518817"
7789158764458255994249303579
35132929789840657774469212801264627288990485673527752325821395518472301554011374
14353865542690837866509008675156270663259333627252154653379434791a5705812896876"
7864335189050125213188327798164621546797557161576242265865683073889008286873751Y
55588129313150939054120659589148738992838203809702760735198260042330649454107591
361319496434876@960871487579
6959849726009523856451901428704567256435669545753973047566885166693792848073397
506192979454707626887488321959@115716008744400764792530364804276176928918242651
4286068323434130484088065194925230935634735871286170888941866587314924677814527"
3874522591005714945145719580418899890763035636143318573785999019167930452084313a",
8947817886355442772816980




A Variant of Erdés’ Problem
X + y = z in coprime k-full numbers with varying k

Erdds had remarkable intuition!

The configuration (3, 3, 3) has infinitely many solutions

‘because’
1+1+1_1
3 3 3

Other such configurations for this problem:

(2,3,6),(2,4,4)
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The configuration (2,3, 6)

y?2=x>+pz® with p|z, ged(x.y) = 1.

Find a prime for which Ep : Y2 = X3 + p has positive rank, and
then find points (X, Y) on E with Denom(X) divisible by p.
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The configuration (2,3, 6)

y?2=x>+pz® with p|z, ged(x.y) = 1.

Find a prime for which Ep : Y2 = X3 + p has positive rank, and
then find points (X, Y) on E with Denom(X) divisible by p.

Es: Y2 = X3+ 5 has rank 1 generated by (X, Y) = (—1,2).
Let P = (—1,2) and kP = (ux/dZ, vi/d?), then

5|dj iff 5|k.
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B
"
th

11ipticCurve([8,p]);
P:=Generators(E)[1]57;

for { in [1..3] do

Q:=(5%1)*P;

umerater (Q[11);

Humerator (Q[2]);
i=Integers()!Isgrt(Denominator(Q[11});
1/5;

Gedlx,y)s

yA2-xA3-5ATE206;

Diaka3ls
print(" ");
end for;

(-1:-2:1)

1

[

[ 176488611599, -74143869240845882, 6421 ]

1

[

[ 970204503045425755752278929324937501564535601,

-382289958199233758451164138768596468916487 278782796564484534199542901,
952155568790942816644 ]

1

]

[ 16611492420868888193353468669316653909172690619241013756281176046178025167315%
8911919175850321746094395, -67728371054501028405315095833090805176540630741246301
29535948345664545694754108850298840286977478545673574245614116324444085112715328)
3205288114480349016482, 18689272713739456282430157678965661279317818588563 ]
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The configuration (2,4,4)
Solve py? = x* + z* with ged(x, z) = 1 and p|y.
Work with the curve

H:Y?=pX*+pz* (wantp?|Y)

where p is any prime which is a sum of two fourth powers.
(use the summands to create a base point on the hyperelliptic
curve, and transform it into a Weierstrass model, and use the
structure of the MW group).
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The configuration (2,4,4)
Solve py? = x* 4+ z* with ged(x, z) = 1 and py.
Work with the curve

H:Y?=pX*+pz* (wantp?|Y)

where p is any prime which is a sum of two fourth powers.
(use the summands to create a base point on the hyperelliptic
curve, and transform it into a Weierstrass model, and use the
structure of the MW group).

p =17 = 1% + 2* works like a charm!!
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Re¢x>:=PolynomialRin (m());b::ﬂ;

h:=HyperellipticCurve(b*x*4+b);h;

Sa588 = SiBbicCunE (0,0 [2,17,21)5

MM(E);Rank(e);#ﬂdeneraturs(a);

—sfren - Tslmusrnbible(eteds
Pl:=Generators(e)[1];P2:=Generators{e)[2];P3:=Generators(e)[3];P4:=Generators{e)[4];
for 5 in [©..8] do for j in [@..2] do for k in [-1..-1] do for 1 in [-2..-2] do
Q:=efrom{i*P1+j*P2+k*P3+1*P4);q:=Integers()!Q[2];

if g mod 1772 £ @ then print(" ");
yl:=Integers()!Q[2];y:=Integers()!(y1/289);x:=Integers()!Q[1];z:=Integers(}!Q[3];

[M];17"3”3-'“2-x"4-z"4;6cd(5¢;);

Hyperelliptic Curve defined by y*2 = 17*x"4 + 17 over Rational Field
Elliptic Curve defined by y*2 + 8/17%*x*y + 15368/4913*y = x"3 - 784/289*x"2 -
168768/83521*x over Rational Field

Elliptic Curve defined by y*2 = x*3 - 1156*x over Rational Field

2 true

4

[ 427511122, -25871676161582497, 1322049249 ]
@
al
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Part Il. An Elliptic Curve Analogue of the
Ankeny-Artin-Chowla Conjecture

Consider the family of curves from earlier
y? =x%—-432p> (p> 3, prime),

and assume (for simplicity) that rank(E) = 1, and
that E has no non-trivial torsion.

Question: For which multiples of the generator does p divide
the denominator?

(similar to asking when does p| U, where Tt okvP — ck
where ¢, is the fundamental unit in a quadratic field.)

3
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for j in [3..20] do

lthPrime{j);
E:=EllipticCurve({[@,-432*p"2]);

if Rank(E)*#TorsionSubgroup(E) gd 1 then
P:=Generators(E)[1];

for 3 in [1..18€@] do
Q:=1*P;X:=Q[115Y:=0[2];
WFW(Denominator(x)];

if d mod p €9 @ then
x:=Numerator((36*p+Q[2])/(6*Q[1]));
:=Numerator((36%p-Q[2])/(6*Q[1]));
enominator((36%p+Q[2])/(6+Q[11));
:=Integers()!({z/p);

[z,p med 3,1];break;

end if;

end for;
end if;
end for;

T Fh]

13, 1, 39 ]
17583 M7
31, 1, 93 ]
43, 1, 129 ]
53, 2, 53 ]
61, 1, 183 ]
67, 1, 201 ]
RGP

NUMBERS



Theorem
Let p > 3 denote an odd prime. Let E denote the curve

E:Y?=X3_-432p°%
Assume that Ey,, = {O}, and rk(E) = 1 with generator P.
1 fp=2
Let i — | p (mod 3)
3 ifp=1(mod 3).

Then for every positive integer k, the point Q = k - (1P) has
denominator divisible by p.

Proof. (Neron) E(Qp) has additive type IV reduction mod p, the
order of P in E(Qp)/Eo(Qp) divides 3p, where Ey(Qp) is the set
of Qp-points with non-singular reduction (see Ch.7 and Sect.

15 of Appendix C in Silverman).
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The Ankeny-Artin-Chowla Conjecture (AAC)
Let p =1 (mod 4) denote an odd prime and

T+ UyPp
6p:T

denote the fundamental unit in Q(,/p). Then p JU.
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The Ankeny-Artin-Chowla Conjecture (AAC)
Let p =1 (mod 4) denote an odd prime and
T+Up
€p = T
denote the fundamental unit in Q(,/p). Then p JU.

e False for composite discriminants: d € {46,430,1817,...}

e Extended to p = 3 (mod 4) by Mordell, but recently shown to
be false by Andreas Reinhart (2024).

¢ No theoretical basis, a dubious conjecture.
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The Ankeny-Artin-Chowla Conjecture (reformulated)

Let p =1 (mod 4) denote an odd prime, k > 1, and

k_ Tk+ Ue/p
b=""%

where ¢, denotes the fundamental unit in Q(,/p).
If p|Uk, then plk.

Proof. The binomial theorem.
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The Ankeny-Artin-Chowla Conjecture (reformulated)
Let p =1 (mod 4) denote an odd prime, k > 1, and
k _ Tk + U/P
€p = 5
where ¢, denotes the fundamental unit in Q(,/p).
If p| Uk, then plk.

Proof. The binomial theorem.

Examples:
S=(2+v3)°=26+15V/3=26+5-3V3

5 1+\f 11+5\f
g = (1H2)° =

e = (8 fav7 7) = 130576328 + 7050459 - 7/7
cap = 24335 + 3588146 = 24335 + 78 - 461/46
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An Elliptic Curve analogue of AAC for rank 1 curves.
Let p > 3 denote an odd prime, Let E denote the curve
E:Y?=X3_-432p°%

Assume that E;r = {O}, and rk(E) = 1 with generator P.

If kK > 1 is a positive integer for which p|dx (the denominator of
kP), then plk.
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An Elliptic Curve analogue of AAC for rank 1 curves.
Let p > 3 denote an odd prime, Let E denote the curve
E:Y?=X3_-432p°%

Assume that E;r = {O}, and rk(E) = 1 with generator P.

If kK > 1 is a positive integer for which p|dx (the denominator of
kP), then plk.

o false for composites: m = 1349, E;, 4(Q) =< P > and the
denominator of P is divisible by 1349.
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An Elliptic Curve analogue of AAC for rank 1 curves.
Let p > 3 denote an odd prime, Let E denote the curve

E:Y?=X3_-432p°%

Assume that E;r = {O}, and rk(E) = 1 with generator P.

If kK > 1 is a positive integer for which p|dx (the denominator of
kP), then plk.

o false for composites: m = 1349, E;, 4(Q) =< P > and the
denominator of P is divisible by 1349.

e Finding a counterexample is likely impossible because of the
size of the generators. A counterexample p is likely to exist with
p ~ 1020 (very roughly speaking), and heuristics imply that a
generator would have roughly 10'° digits.
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A more general Elliptic Curve analogue of AAC.

Let p > 3 denote an odd prime, Let E denote the curve
E:Y?=X3—-432p°,

and assume that E has positive rank and no nontrivial torsion.

Then there is a point (u/d?, v/d®) on E for which gcd(p, d) = 1.
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Elliptic Wieferich Primes (for singular reductions)
p > 2 is a Wieferich Prime if 2°~1 =1 (mod p?).

Examples: 1093, 3511
(the only known examples up to 1.8 - 10'9)
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Elliptic Wieferich Primes (for singular reductions)
p > 2 is a Wieferich Prime if 2°~1 =1 (mod p?).

Examples: 1093, 3511
(the only known examples up to 1.8 - 10'9)

Definition Let p > 3 be a prime, . = u(p) as above, and let E
be given by
E: y? = x® — 432p°.

If P = (u/d?,v/d¥) € E with (p, d;) = 1, (non-torsion)

then p is an Elliptic Wieferich Prime for (E, P) if
Q = (up)P = (Up/d3p, Vo/ )

satisfies p?|d,.p.




Computational Challenge

Find Elliptic Wieferich Primes or AAC counterexamples for
curves of the form

y? = x3 — 432p°
or curves in other families having singular reduction (mod p).

(E : y? = x3 + k with k = +sp!, s smooth and p > ¢y(s).)
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Computational Challenge

Find Elliptic Wieferich Primes or AAC counterexamples for
curves of the form

y? = x3 — 432p°
or curves in other families having singular reduction (mod p).

(E : y? = x3 + k with k = +sp!, s smooth and p > ¢y(s).)

©® THANK YOU FOR YOUR ATTENTION ®
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