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Definitions and notation

Let f, g € C[z]. (All polynomials are in C[z]). We write f o g for f(g).
We call f, g commuting if fog=gof.

We write 15! for the s-fold iterate of f under composition.

Let ¢ be a linear (polynomial) and ¢[~'! the composite inverse of .
Thus ¢I=M o ¢ = ¢ o /1= = z. (z is the composition identity.)

If fog=gof,then

(=Tofol)o(l-Nogol) = (l-"Togor)o(tl-1ofor) for any linear ¢.
So, if f and g commute, then also ¢l="1 o fo £ and /1= o g o ¢.

f and f* are called similarif f* = ¢[=" o f o ¢ for some linear ¢.

The normalized Chebyshev polynomials of the first kind, T,, are
defined by

To=2,T1=2z, Th=2Tp 1 —Th2 (n=2,3,...).

A monomial is a polynomial of the form az” with a € C and n € Z>.
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Theorem of Julia-Ritt

Let m, n be positive integers. It is true that

Tno Tm: Tnm: Tmo Tn,
znozm:znmzzmozn,

fInl o flml — fln+ml — flm] o flnl

This gives three distinct types of commuting pairs.

Theorem ( of Julia-Ritt (short version))

Letf,g € C[z] be of degree > 2 such thatfog =go f.

Then one of the following holds.

(i) f and g are similar, via the same linear, to Chebyshev polynomials.
(ii) f and g are similar, via the same linear, to monomials.

(iii) There exist positive integers m and n such that fl™l = gl
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The commuting polynomial theorem of Julia

Theorem ( of Julia-Ritt (short version))

Let both P and Q be of degree > 2 such thatfog=gof.

Then one of the following holds.

(i) f and g are similar, via the same linear, to Chebyshev polynomials.
(i) f and g are similar, via the same linear, to monomials.

(iii) There exist positive integers m and n such that fIm = gl

Theorem (Julia, 1922)

The only polynomials which satisfy f o g = g o f are such that
either there are positive integers m, n such that fI™ = gl

or they are similar by the same linear to one of the forms:

1) 2™, pz" with p € C, p"1 =1,

2) cos(mu + eq7), cos(nu + o)

(z=cosu;m,n € Z~g;e1,e2 € {0,1}),

where mes> + 1 and nzq + o have the same patrity.
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The theorem of Julia-Ritt

Theorem (Julia, 1922)

The only polynomials which satisfy f o g = g o f are such that
either there are positive integers m, n such that flm = gl

or they are similar by the same linear to one of the forms:

2™ pz" withp € C,p™ 1 =1,

cos(mu + e4m), cos(NuU + o).

Theorem (Ritt, 1923)

If f and g are commuting non-linear polynomials which do not come
from the multiplication formulas of €* and cos z, then there exists a
linear ¢ and a polynomial G(z) = zR(z") such that
f=0"1opGMor, g=t-"0p,GlM oy,

where p4, po are r-th roots of unity and m, n € Z.

This means that pyz and G as well as p>z and G are commuting.
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Ritt's decomposition theory, after Zieve-Mueller (2008)

A polynomial f of degree > 1 is called indecomposable if it cannot be
written as the composition of polynomials of strictly lower degrees.

A complete decomposition of f is a finite sequence (fi, f, ..., f) of
indecomposable polynomials suchthat f =fiofho...of;.

Theorem (Ritt’s basic decomposition theorem)

Letdeg(f) > 1. IfU and vV are complete decompositions of f, then
card(U{) = card(V) and the multiset of degrees is the same.

Let (uy,...,ur) and (v4, ..., v,) be complete decompositions of f. If
there is an i such that u; = v; for j ¢ {i, i+ 1}, gcd(deg(u;), deg(v;)) =1,
and ujo uj 1 = Vjo vi.q, we call it a Ritt switch.

Theorem (Ritt’s first decomposition theorem)

Letdeg(f) > 1. IfU{ and V are complete decompositions of f, then
there is a finite sequence of Ritt switches which transforms U into V.

=) = = =TT
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Ritt's Second decomposition theorem (after ZM)

(Possible Ritt switches) Suppose Po Q = Ro S and
ged(deg(P), deg(R)) = ged(deg(Q), deg(S)) = 1.
Hence deg(P) = deg(S), deg(Q) = deg(R).

Then there are linears ¢; (j = 1, 2,3, 4) such that

(troPots ™ tyoQoty ty0Rol ™ 14080 M
has one of the forms
(Tna Tm’ Tma Tn)>
(z",2°G(z"),z°G(z)", z"),
(z°G(2)", 2", 2", 2°G(2")),
where m, n > 0 are coprime, s > 0 is coprime to n, and G € C[Zz]].
Note that z5G(z)" 0 2" = z"G(z")", z" 0 z5G(z") = 2™ G(z")".
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Generalizations of the Ritt theorems

Ritt’s First Theorem was proved by Ritt in 1922 for C,

by Engstrom in 1941 for char K = 0,

by Schinzel in 1980 for fields K with deg f not divisible by char K .
Dorey and Whaples (1974) gave an example that the statement is
wrong when char K | deg f.

Ritt’'s Second Theorem was proved by Ritt in 1922 for C,

by Leviin 1942 for char K = 0 and P, Q, R, S indecomposable,

by Dorey and Whaples in 1974 for char K > max(deg(f), deg(g)) and
P, Q, R, S indecomposable,

and without the indecomposability condition by Schinzel in 1980.

Rob Tijdeman (Leiden University) Extensions of the theorem of Julia-Ritt March 2026



Application 1: Factorization

Question: How to decompose f into g o h?
E.g. fast and simple algorithm by Kozen and Landau (1989)

Application (due to Barton and Zippel, 1985):
Factorize f = 28 + 62* + 28 + 922 + 3z + 5.

First, use decomposition algorithm:
g=22+z-5 h=28+3z, f=goh.
Next factorize g for its roots «, then factorize h — « for the roots « of g.

Used in computer algebra systems such as MACSYMA, MAPLE and
SCRATCHPAD.
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Application 2: Theorem of Bilu-Tichy (2000)

Let f, g € Q[x] be non-constant. Then these statements are equivalent:

(A) Equation f(x) = g(y) has infinitely many solutions in Q with
bounded denominator.

(B) f=¢ofioly,g=¢ogqolywith ¢ € Q[x], ¢1,ls € Q[x] linears,
(fi, g1) is a standard pair such that f;(x) = g1(y) has infinitely many
solutions in Q with bounded denominator.

Standard pairs are essentially:

1. (x™ ax"p(x)™), 2. (x2,(ax® + b)p(x)?),

3. (Dm(x, a@"), Da(x,a@™)), 4. (a"2Dp(x,a),—b~"?Dy(x, b)),
5. ((ax® — 1)3,3x% — 4x3).

Here Dn(x, a) is the m-th Dickson polynomial, Dpy(x,1) = Thp,.
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The equation Po Q = Ro S, due to Ritt,
cf. ZM Lemma 2.8

LetP,Q,R,S e C|[z]\C satisfy PoQ=Ro S.
Then there exist F, H, Py, Qq, Ry, Sy € C[z] such that

P=FoPy, R=FoR;, deg(F)= gcd(deg(P),deg(R)).

Q=QioH, S=S10H, deg(H) = gcd(deg(Q), deg(S)).
PyoQi=Ri0S;.
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The equation Po Q = Ro S, Corollary

LetP,Q,R,S e C[z]\Csatisfy PoQ=Ro S.
Then there exist F, H, Py, Qq, Ry, Sy € C|z] such that

P=FoP;, R=FoRy, deg(F) = gcd(deg(P),deg(R)).

Q=QioH, S=Si0H, deg(H) = gcd(deg(Q),deg(S)).
P1 OQ1 :R1 081.

If deg(R) | deg(P), then P = R o Py for some P;.
Ifdeg(S) | deg(Q), then Q = Qq o S for some Q4
If deg(P) = deg(R), then P = Ro ¢, Q = /1= 0 S for some linear .

= =TT
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The equation f o g = g o hwith deg(f) =1 (HT,arXiv)

Leta,b,c,d € C with ac # 0 and g € C|z],with deg(g) = n > 1 such
that (az+ b)o g = go(cz+ d). Then a= c" and one of the following
options holds.

A) (a,b,c,d)=(1,0,1,0).

B) If c # 1, but c is a t-th root of unity, then
(n=1)/t n—jt
Z d b
_ 0 ej(z+c1> PR

C) If c is not a root of unity, then for some ey € C

— e (242 L L
I= < c—1 a-1
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The equation f o g = g o h with deg(f) > 1 (HT)

Letf, g, h € C[z] be non-constant polynomials such thatfog = go h.
Let k = gcd(deg(f),deg(g)), deg(f) = kn, deg(g) = km. Then there are
S € Z>o, 1,091,092, ho, F, G, H € C[z] and linears ¢1, ¢, € C|z] such that

f=Fofi,g=Fogi=g20H, h=haoH, ffoga=gioh
and one of the following options holds.
fi=Tholt ' go=t10Tp gr=Tmots ", h=tr0 T,
fi=2"o0 85_1], go =11 02°G(Z2"), g1 = 2°G(2)" o 6[2_1], hy = 002",

f=2°G(z)" o5 go=tr0 2™ g1 = 2" o 7 hy = £ 0 2°G(2™).
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Letf, h € C[z] satisfy f o z™ = z™ o h for some positive integer m.
There is a polynomial G € C[z] such that f = G(z)™ and h = G(z™).

=310 ajzl and h = bpz" + bp_;z"~" + O(z"~"=1) with b, # 0,
bhr—r#0,r>0,thena,=b), ap_.1=apn2=...=apn_r11 =0and
A— mb,’;’_1 bn_r. (If there is no such an r, then h is a monomial.)

Letf, h € C[z] withdeg f = n be such that f o Ty, = Ty o h for some
positive integers m, n with gcd(n,m) = k, n/k >2,m/k > 2.
Then there exists a6 € {—1,1} such that

f:(SmTrh h:(STn
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The equation fogoh=hogof

Theorem (HT, arXiv)

Suppose f, g, h € C[z] non-constant, not all linear, such that
fogoh=hogofanddeg(f) > deg(h). Then one of the options holds:
(i) For linears ¢4 and (o, EE*” of =h=foly, g=4lr0goly.

(ii) 9(2) = ugz + vy, h(2) = unz + vy either satisfy h = gt=1, or

k.t € Z-y witht | k — 1, ugup is a t-th root of unity and, for some g;’s,

k—jt
o (k—=1)/t UgVh+Vg VgUp+Vp
f(z) = j=0 ez + UgUp—1 - Ugup—T1

(iii) There are linears (1, (, € C[x] and positive integers «, 3,y such
thatf =5 Vo Tyoty, g=tMoTs0t,, h=tLNoT, 0.

(iv) For linears 1,0 € C[x], o, 8, € Zq, Cg,ch € C, c§ * = cﬁﬁ_1
f= 5[2_1] 0z%oly, g= 4_1] o CngB ols, h= 5[2_1] o CcpZY o /y.

(v) G € Z, linear ¢, roots of unity p; (j = 1,2) and m > n such that
f=tofoll, g=rtogolt=1, h=1roho =" satisfy
gof=piGm, f=hopGm, G(pz)=pG(z) (j=1,2).

E
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Proof idea and variants

Let
fogoh=hogof.
Then
fogohog=hogofog,

Hence, FoH=HoFwithF=fogand H=hog.

For the four other non-trivial permutations:
fogoh=fohogcan be treated by common f on the left.
fogoh=gofohimpliesfog=gof,
fo(goh)=(goh)of

(fog)oh="ho(fog).
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The equation fog=hogof

By degree comparison, we have deg(h) = 1. Consider fog=/{ogo f.

Theorem ( according to Schinzel’s 2000 book, p. 51)

Letf, g € C[z] The following two statements are equivalent.
1. There exists a linear ¢ € C|z] such that

fog=Ffogof.

2. There exists a linear ¢ € C[z] such that either

(a) f=toThotl N g=toTpor-l

or

(b) f=toaz"oll="l g=1robz"o " for some a,bec C
or

€ f=LoGMod=1 g=1roGlMo =" for some G € C[Z].

Proof by Ritt (1923), algebraic proof by Tortrat (1988).
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Counterexample for Schinzel’s statement

An example satisfying Schinzel’s condition 1., but not his condition 2.:

f=2281+6224+62z+9, g=2°+322+3z+4, €:%z+§.

Observe: f = /{1 0g.

More generally, let f = ho gl']
for some r € Z- and some f, g, h € C|z].
Thenfog=~/{ogofifandonlyif hog=+¢ogoh.

Rob Tijdeman (Leiden University) Extensions of the theorem of Julia-Ritt March 2026



Degree reduction

If f = ho g for some h € C[z], and
fog=togof,

then
hogll=fog=togof=rogohog,

hence,
hog=+/4ogoh.

If deg(f) = n,deg(g) = m, then m | nand deg(h) = n/m.
Reduction is possible if deg(g) | deg(f) or deg(f) | deg(g) in view of

gofzﬁ[_ﬂofog.

This can be continued untiln=1orm=1or(m{nand n{ m).

Rob Tijdeman (Leiden University) Extensions of the theorem of Julia-Ritt March 2026



Degree induction

lffog=/logofand h=1fog,then
hog:fog[Q]zfogofogzﬁogoh.

This replaces (f, g) by (f o g, g) with deg(h) = deg(f) x deg(9).

Similarly, if fog=/¢ogofand h=gof,thenfoh=/¢ohof.
This replaces (f, g) by (f, g o f) with deg(h) = deg(f) x deg(g).

Start with (fo, go,g) with fy o go=Flogpo fo.
Forj=0,1,...,s, define either f,_y = fj0 gj, gj+1 = gj Or
fir1 =1 Gj41 =gjo k.

Then fiogj=(og;offorallj.

Example. Suppose foogg =/foggofy. Thenfog=+~ogoffor

(3]

f— fOOgo [3]

ofhogl, g=goofogdofogk 12

OfOOgo .
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Initial polynomials with deg(fy) = 1 or deg(go) = 1

Let deg(g) = 1. Set g = ¢1. Then equation fo ¢y ={o{yof.
This is a special case of equation ¢ o f = f o /.

Letl, =az+ b, {1 =cz+ d anddeg(f) =n> 1.
Then a= c" and
A)ifc=1,then(a,b,c,d)=(1,0,1,0),

B) ifc # 1, but c is a t-th root of unity, then

(n=1)/t et
S d \"" b
" pars <Z - _1) BT

C) If c is not a root of unity, then for some ey € C

= (z+-22) -2
— 0 1 a1
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deg(fo) { deg(go) and deg(go) 1 deg(f)

In this case fog=/ogofisoftype hog=gofwithh=/¢""1ofand
deg(f) > 1, deg(g) > 1.

Let k = gcd(deg(f), deg(g)), deg(f) = kn, deg(g) = km. Then there are
S € Zso, 1,901,092, h, F, G, H € C[z] and linears (1, {» € C[z] such that

h=Hofy, g=Hogi=gooF, f=fhoF, hjogs=gioh
and one of the following options holds.
b =Tooll " go=ti0Tm g1 =Tmolh | h=tr0Tp.
h =20l go =01 025G(2"), 91 = 2°G(2)" o 4, = tp 0 2".
hy = z°G(2)™ o 6[2_1], b =lo02™ g1 =2"o0 65_1], fo =01 02°G(2™).
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Final result

Letf,g,l € C[x], k = gcd(deg(f), deg(g)), deg(f) = n, deg(g) = m.
Let /be alinear with /A zand fog=/ogof. Ifm> 2k, n> 2Kk,
then

either there are a linear (> and 61,62 € {—1,1} such that

f=tr080 60 " Thoth M g =506 60T ol

= p 0 8{MK5n=1 o g1,

or

f=/l0az"o 6[2_1], g=1~{0bzMo 6[2_1],6 =lro0a M~ 1z0 5[2_1] for
some (a,b € C),

or

f = fs, g = gs for some positive integer s such that fy or gq is linear,
foogo=~Foggofyand

0:)?—1Ogj—17gj:gj—1 or f[: j—1vgj:gj—1ofj—1 (j:1,2,...,5).
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Tortrat’s Proposition 11.

Theorem (Proposition 8)

Letf,g € C|z] be of degree > 2.
Iffog=gof,thenP; = Py.
If Pr = Pg, then there is a linear ¢ such thatfog ={ogof.

Theorem (Proposition 11)

1. There exists a linear ¢ € C[z] such thatfog=/{ogof.
f,g € C|z] of degree > 2 are such that Ps = Py if and only if
there exists a linear ¢ € C[z] such that either

(a) f=toTphotl™l g=1rtoTpotl

or

(b) f=rloaz"oll= g=2rtobzMo =" for some a,b e C
or, for some (4,02, G € C|Z], ¢4, ¢> linear,

(c) f=4tjo0 G[n]of[_ﬂ, g=14{c0 Glmlogl=11.
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