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Bell numbers and polynomials

Stirling numbers of the second kind

{k} the number of partitions of a set with n elements into k
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B,: the number of partitions of a set with n elements
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Summed Lah numbers and Lah polynomials

n . : :
[kJ: the number of partitions of a set with n elements into k
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Summed Lah numbers and Lah polynomials
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Fubini numbers and polynomials

Fubini numbers

F,: the number of ordered partitions of a set with n elements
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Fubini numbers and polynomials

Fubini numbers

F,: the number of ordered partitions of a set with n elements

s ufy)

Fubini polynomials
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r-generalizations

° {Z} : r-Stirling numbers of the second kind
r
(L. Carlitz, A. Z. Broder, R. Merris)
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r-generalizations

L. Carlltz A. Z. Broder, R. Merris)

° { } : r-Stirling numbers of the second kind
Bp.r, Bn.r(x): r-Bell numbers and polynomials

arlitz, 1. Mezd)

L.
n

° [kJ : r-Lah numbers
G. Nyul, G. Racz)

Lnr, Lpr(x): summed r-Lah numbers and r-Lah polynomials
(G. Nyul, G. Racz)

® Fnr, Fnr(x): r-Fubini numbers and polynomials

)

(I. Mezs, G. Nyul)
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r-Fubini—-Lah numbers and polynomials
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r-Fubini—-Lah numbers and polynomials

Definition of the r-Fubini-Lah numbers

FL, r: the number of ordered partitions of an (n + r)-element set
into ordered subsets such that r distinguished elements belong to
distinct ordered blocks (n,r > 0)
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r-Fubini—-Lah numbers and polynomials

Definition of the r-Fubini-Lah numbers

FL, r: the number of ordered partitions of an (n + r)-element set
into ordered subsets such that r distinguished elements belong to
distinct ordered blocks (n,r > 0)

n

Floy =Y (k+r)! m

k=0 r
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r-Fubini—-Lah numbers and polynomials

Definition of the r-Fubini—Lah polynomials

FLoo(x) = 3 (k +r)! w Xk

k=0 r
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r-Fubini—-Lah numbers and polynomials

Definition of the r-Fubini—Lah polynomials

FLoo(x) = 3 (k +r)! w Xk

k=0 r

Combinatorial interpretation

FL, r(c) counts the number of ordered partitions of a set with n+r
elements into ordered subsets and colourings of the ordered subsets
with ¢ colours such that r distinguished elements belong to distinct
ordered blocks and their ordered blocks are not coloured (¢ > 1).
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r-Fubini—-Lah numbers and polynomials

Small values of r

o If n>1, then

FLno(x) = nlx(x +1)"1,

FLno = ni2"t.
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r-Fubini—-Lah numbers and polynomials

Small values of r

o If n>1, then
FLno(x) = nlx(x +1)"1,
FLno = ni2"t.

o If n >0, then
XFLn71 (X) = FL,H_l,o(X),

FL,1 = FLot10-
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r-Fubini—-Lah numbers and polynomials

Recurrence

If n>0and r > 1, then

FLo.,(x) = ri (Z)(n— k+ 1)!FLk’,1(x)+an_1 (:)(n— k) FL (%),

n

Flo,=rY_ <Z)(n— k+1)1FLy,q +§ (:)(n— k)!FLy,.

k=0 k=0

.
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Recurrence

If n>0and r > 1, then

FlLy, (x) = rzn: (Z)(n— k+ 1)!FLk’,1(x)+an_1 (:)(n— k)L (),

k=0

n

Flo,=rY_ <Z)(n— k+1)1FLy,q +§ (Z)(n— k)!FLy,.

k=0 k=0

Another recurrence for the polynomials
If n,r >0, then

Flp1,r(x) = ((r + 1)x 4+ n+ 2r) FLy (x) + (x> + x)FL}, (x).
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r-Fubini—-Lah numbers and polynomials

Dobinski type formula
If n,r >0, then

00 k
FLp (x) = (X_:W Z(k + r)"kE <Xi 1) 7

k=0

N (k + r)7kE
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r-Fubini—-Lah numbers and polynomials

Exponential generating function

If r >0, then

iFLn,,(x) 0 rl
2l T Ay Iy )

oo

rl
Z _ — )1 = 2y)r

n=0
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r-Fubini—-Lah numbers and polynomials

Connection with the r-Fubini numbers and polynomials

If n,r >0, then
"rn
FLac() =" | 1] Fero),
k=0 r
"rn
FLn,r = |:k] Fk,r
r
k=0
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