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purely exponential Diophantine equation
at + bY = c*

a,b,c given positive integers > 1
coprime

x,y,z positive integer unknowns

- 3+ 10Y = 13~

unknown = 1| allowed




Basic facts

‘ #{ (z,y,z) } < absolute constant < 232
«-- Schmidt Subspace Theorem
C T, Y, 2 < Ceff(a,b, C).

«-- Baker's theory OR its p-adic form

In recent years, there has been important progress

on estimating number of solutions.




Conjecture [Bennett, '01]
For any a,b,c e N;a,b> 1, gcd(a,b) =1,
a,b not perfect powers,

there is at most 1 sol to

at —bYy=c zxz,y>1,

except for (a,b,c) =(2,3,5),(2,3,13),(2,5,3),

(3,2,1),(13,3,10) or (91,2,89).



Exceptional cases

23 -3=2°-33=5
24 _3=28_3>=13
23 _5=27_53=3
3—-2=32_23=1
13—-3=133-3"=10

01 — 2 =912 _ 213 = g9



[Bennett, '01] confirmed his conj for

e > b2a2loga :

’

. ¢ < b¥%/6000 or ¢ <100;

+1 (moda) with a prime.

- b
X a : base of the greatest term in a* — b¥Y = ¢

(~ a : Fermat primes = Conj)

Motivation of Part II

3-variable version of the 3rd result above



3-variable version of Bennett’s conj

- Conjecture [Scott & Styer, '16] atmost1 -
For any a,b,c € N>1; gcd(a,b,c) = 1,
a<b, a,b,c not perfect powers,
there is at most 1 sol to

at +bYy =c* x,y,z>1,
except for (a,b,c) = (3,5,2),(3,13,2),(2,5,3),
(2,7,3),(2,3,11),(3,10,13),(2,3,35),(2,89,91),
(2,5,133),(2,3,259), (3,13,2200), (2,91,8283) or
(2,2"—1,2"4+1) ;r=2,4,5,.




Exceptional cases

345=23 334+5=2> 3453=2f
3413=2% 3°413=2°
224+5=3% 2452=33

247 =32 2247%2=3%
234+3=11 2+432=11
34+10=13 37+ 10=133

2°4+3 =35 2343>=35



3

5=23 33

5= 2°

2489 =091 213489 =917

274+ 5=133 23453 =133

28

3 =259 24

3° = 259

374+ 13 =2200 34 133 = 2200

2134 91 =8283 24912 = 8283

2

(27—1)=2r4+1 2Tt2 4 (2r—1)2=(2"




From Part II (2024)

- Proposition

-1 modec or b==+1 modec

a

= atmostl

Corollary
[ ce {2,3,6} = atmostl

. ITpt A= A=4+1 modplJ for pec {23}
o another proof of [Scott, '93] for ¢ =2




Corollaries of Part 11

-

For any fixed ¢ with

2V2(C0) \/E or 3V3(0) - \/E’

atmostl is true,
except for only finitely many (a,b).

-

-

c=p" k = atmost1
where p€{2,3}, kK Z 0 (modp), n>n(k).

-

~~ atmostl is true for co many values of c.



For other values of c
can we prove atmostl conj

except for only finitely many (a,b) ?



Main Problem

Fix the value of ¢, and work out the following:

[1] Proving N < 1, except for only finitely many (a,b).
N(a,b,c) : number of sols to a% 4+ b¥Y = ¢*

[2] Finding a way to enumerate all possible (a,b)

described as exceptional in [1] in a concrete finite

time.

[3] Sieving all (a,b) found in [2] completely.

[1] ineffective [2] effective [3] complete



Best of our knowledge

ec =2 complete by [Scott, '93]
oec=2,3,6 complete by Part II

0 220>\ /c or 3¥39 >, /c effective by Part II
oec =2ree. L 3Zlree. L complete by Part II

ec—=>5,17,257,65537 complete by Part II
Fermafrprimes




Status of atmostl conj for small ¢

C 2 3 b5 6 7 10 11 12
status v 0V Vv v 7 7 7 JF

13 14 15 17 18 19 20 21 22
? rr IV S N S

23 24 26 28 29 30 31 33 34
? JSE ? 0?2 7?2 7?2 2 2?2 2

35 37 38 39 40 41 42 43 44
? 0?7 7?7 7 J*¥ 7?2 7 7 7

v, complete v * effective



-~ Theorem 1
For any prime ¢ of the form 3-2" 4+ 1
with some r € N,

N(CL,b,C) S 17

except for only finitely many (a,b).

N

- c=7,13,97,193,769,12289, 786433, - --
. neffective for each c

. Fcondition on ¢ to make Thl effective



-~ T heorem 2
N(a,b,13) <1,
except for (a,b) = (3,10) or (10, 3).
\_

. N(3,10,13) =2

. complete for c = 13



Status of atmostl conj for small ¢

c 2 3 5 6 7 10 11 12
gates v v v v N 7 7

13 14 15 17 18 19 20 21 22
VAR T VIV B T

23 24 26 28 29 30 31 33 34
? JE ? 2?2 7 7 2?2 2?2 7

35 37 38 39 40 41 42 43 44
? 7?7 7?2 7?2 JE 7?2 7 7 7

v complete v * effective v ineffective



Notation

- For M >1 & h with gcd(h, M) =1,

ev(h) i least e > 1 st. h*=+1 mod M

- For Ml >1 & h # 0,

vym(h) @ greatest v > 0 s.t. MY | h



Remarks

We may assume

es(a) =es(b) = F,

where ¢/ > 2 is any fixed divisor of c.

Part II contributed to

E=1

(or, E: even with ¢ prime).

with ¢ = ¢



CL,b,CEN>1
dc; d>2, gcd(d,p(d)) =1

es(a) =e (b)) = F

C; = C;(c) effectively computable



-Lemma 1
If max{a,b} > Ci1, then

gcd(z,y,c) =1

for any sol (x,vy,z) to a®* 4+ b¥Y = c~.

N

[Proof]
- elementary for prime c

- For composite ¢, using lower bound for
P(integer™ 4 integer™).
(~ C1 huge)



- Lemma 2
If max{a,b} > C1, then

z L. loga lOogb

for any sol (z,y,z) to a* + bY = c~.

N

[Proof]
With Lem 1 & gcd(c',¢o(d)) =1,
using upper bound for

va(a®+bY) =vu(c?) >z

by ¢’-adic Baker of [Bugeaud, '02].



N(a,b,c) > 1

a®+ b =c* aX +bY = < Z

D

c/* ‘gcd(aE:

A= |zY — Xy|

::l,bEzzl)

- A

>0

~ a,b :close* to 1 c¢-adically

D =
gcd(d®, A)

v AJE small «-- A<z byLem2 & E | ()

zZ
C/

| ng(aE:

-1, bP 4

1)

..i%



~Lemma 3
If max{a,b} > Co, then

z - /4 K¢ loga lOogb.

N

[Proof]
Based on ¢, with gcd(cd,p(d)) =1,

using upper bound for

vp(a® +bY) =vp(c?) > Z/z

by D-adic Baker of [Bugeaud, '02].



-Lemma 4
If max{a,b} > Co, then

x, Yy, X, Y <L 1.

N

Remark

.

AT 4 BY = (fix)?
 AX + BY = (fix)4 = =z,y,X,Y: finite
(z,y,2) # (X,Y, Z)




-Lemma 5
If max{a,b} > C3, then

min{z,yt =1, min{X,Y} = 1.

N

[Proof]
- lower bound for P(int™ 4+ int™) (~ C3 huge)

- m-adic Baker in Q(2) of [Bugeaud & Laurent, '96]

Remark z=X ory=Y = a,b <Cie (c).
rx =X

= b —W=cZ—c%; yY <1
= b,2,7Z(,a) <C(c) by [Bugeaud & Luca, '06].



~Lemma 6
If ¢c: prime (~ E >3, by Part 1),

and max{a,b} > Ca, then
mazx{xr,y}t < E — 2.

N

X max{z,y} < WO'S%FJ for composite c.

[Proof]
- < min{a, b}E1 «—-3¢ & min{a,b} < ¢?/mariab;

- lower bound of P( f(int)) for f € Z[¢]

(~ C4 : huge)



[Proof of Thi]

c=3-2"4+1 :prime

E>1, 2¢/FE by Part 1

E|lplc) =c—1=3-27

. E=3

N(a,b,c) > 1

If mazx{a,b} > max{Cq,---,C4q}, then

{min{X, Yi=1

maz{z,y} < E—2 =1

. a,b<C(c) =



Idea for Proof of Th2

Q1| For each ¢ in

c=17,13,97,193,769, 12289, 786433, - - -

how we make Thl effective?

A| It is enough to

-
find positive numbers e¢,C with ¢ < 0.6 s.t.

D C
\/E__ q1—|—e

q
holds for all p,q € N s.t. q equals a power of c.

>

N

X [Bauer-Bennett, '01] solves this only for
c =13 with e = 0.53.



Q2| For ¢ = 13, how we avoid to rely on C37

A| Instead of P(int™ 4 int™), we use

e Parity lemma of [Scott, '93];

e result of [Bennett-Siksek, '23] on
S2 13k =71" 1348, k>1, n> 3.

Q3| For ¢ =13, how we avoid to rely on C4 7

A| Instead of P( f(int)), we use

m-adic Baker in Q(w) of [Bugeaud & Laurent, '96].



Open problems

Q| For any x and Y with

2<x<4, 2<Y<374-10' 2y =1 mod 5,

prove that there are only finitely many (a,bd) s.t.
a®+b=11% a+0b" =114

for some z and Z with z < Z.



Q| For any x and Y with

re€{2,4,57,8}, 2<Y <1.3-1013, zY =1 mod 3,

prove that there are only finitely many (a,b) s.t.
a®+b=19% a4 b =197

for some z and Z with z < Z.
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Thank you very much
for your attention!



