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Plan of the talk

Introduction

I. Indecomposability of value sets of polynomials
e Problems and earlier results

o New results

[l. Indecomposability of sets defined by narrow sets of primes
e Problems and earlier results

o New results

The new results presented are joint with K. Gyory and A. Sarkozy.
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Introduction

Definition

Let G be an additive semigroup and A, B,C subsets of G with |B| > 2,
IC| > 2. Then

A=B+C(={b+c:beB, cel}),
is an a-decomposition of A, while if a multiplication is defined in G then

A=B-C(={bc:beB, ceC})

is an m-decomposition of A.

L. Hajdu (University of Debrecen) Indecomposability of sequences 22 April, 2022 3/35



Introduction

Definition

A finite or infinite set A of non-negative integers is said to be
a-reducible or m-reducible if it has a decomposition as above.
If there is no such decomposition then A is a-primitive or m-primitive.

Definition

Two sets A, B of non-negative integers are asymptotically equal if
there is a K such that AN [K,4+o00) = BN [K,4+c0). Notation: A ~ B.

Definition

An infinite set A of non-negative integers is totally a-primitive resp.
totally m-primitive if any A" with A’ ~ A is a-primitive resp. m-primitive.
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Introduction

If Ais a set of non-negative integers with 0 € A, then A ={0,1} - A.
Thus in the multiplicative case we restrict to sets of positive integers.

The above notions were introduced by H. H. Ostmann (1948) in the
additive case, who also formulated the following nice conjecture:

The set P of primes is totally a-primitive.

For related results see papers of Hornfeck, Hofmann, Wolke,
Elsholtz, Puchta and others - however, the conjecture is still open.

Elsholtz also studied multiplicative decompositions of shifted sets
P’ + {a} with P’ ~ P.
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Polynomials - the problem and its background

Another related conjecture was formulated by Erdés:

If we change o(n'/?) elements of the set

My ={0,1,4,9,...,x%,..}

of squares up to n, then the new set is always totally a-primitive.

Sarkoézy and Szemerédi proved this conjecture in the following
slightly weaker form:

Theorem A

Ife > 0 and we change o(X'/2—¢) elements of the set of the squares
up to X, then we get a totally a-primitive set.

In fact they got o(X /22~ (3+e)leg X/loglog X in place of o(X!/2-¢).
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Polynomials - the problem and its background

Sarkoézy proposed to study analogous problems in finite fields. He
suggested the following conjectures:

For every prime p the set of the quadratic residues modulo p, i.e.
Q={n:neFy, <ﬂ) = +1} is a-primitive.

o

For every prime large enough and every ¢ € Fp, ¢ # 0 the set
Q. = (Q+ {c}) \ {0} is m-primitive.

For related results see papers of Sarkézy, Shkredov, Shparlinski and
others - however, both conjectures are still open.
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Polynomials - the problem and its background

For k € N, k > 2 write My = {0,1,2% 3k ... xk ...} and
= M+ {1} = {1,224+ 1,35 1, xK+1,.. )

Problem 1

Is it true that for k € N, k > 2 the set M| of shifted k-th powers is
totally m-primitive?

More generally:
Problem 2

Describe those polynomials f(x) € Z[x] with deg(f) > 2, for which the
set A; = {f(x) : x € Z} NN is not totally m-primitive.

Finally, the multiplicative analogue of Erdds’s conjecture:
Problem 3

Is it true that if k > 2 and we change o(X'/¥) elements of the set M},
up to X, then the new set is always totally m-primitive?
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The case k > 3 - shifted powers

Theorem 1 (Sarkdzy and H)

If k is a positive integer with k > 3 then any infinite subset of the set of
shifted k-th powers M is totally m-primitive.

In the proof we need the following result. It is a consequence of a
classical theorem of Baker, concerning Thue equations.

Let A, B, C, k be integers with ABC # 0 and k > 3. Then for all integer
solutions x, y of the equation

Axk+ Byk=C

we have max(|x|, |y|) < ¢y, where ¢i = ¢{(A, B, C, k) is a constant
depending only on A, B, C, k.
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Sketch of the proof of Theorem 1

Assume to the contrary that for an infinite R C M) with some R’ ~ R
R'=B-C.

Here |B|,|C| > 2 and R’ is also infinite.
We may assume that C is infinite.

Let by, bo € B be fixed. Then for any ¢ € C large enough:

bice M) and boc € M.

L. Hajdu (University of Debrecen) Indecomposability of sequences 22 April, 2022 10/35



Sketch of the proof of Theorem 1 - continued

Thus there are x = x(¢) € N, y = y(¢) € N with
boc=xK+1, bic=y~+1
whence by
0 = by(bzc) — ba(brc) = by (x* + 1) — by(y* + 1),

we get
bix — boy* = by — by.

Clearly, if c and ¢’ are different then x = x(¢’) and y = y(c’) are
different solutions of the above equation.

Thus this equation has infinitely many solutions.

However, this contradicts Lemma 1.
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The case of general polynomials

Theorem 2 (Sarkézy and H)

Let f € Z[x] with deg(f) > 2 having positive leading coefficient, and set

A:={f(x) : xeZ}nN.
Then A is not totally m-primitive if and only if f(x) is of the form
f(x) = a(bx + c)¥

with a,b,c,k € Z, a> 0,b > 0, k > 2. Further, if f(x) is of this form,
then A can be written as

A=A-B
with
k
B={1,(b+1)"}.
v
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The tools used in the proof of Theorem 2

In the proof of Theorem 2 the following tools are used:

¢ a bound for the number of solutions of Pell equations with
max(|x|, |y|) < N (used in case deg(f) = 2),

¢ a deep result of Bilu and Tichy concerning integer solutions of
equations of the type f(x) = g(y) (used in case deg(f) > 3).
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Quadratic polynomials - shifted squares

In this case we can give much more precise statements than in the
general case.

Theorem 3 (Sarkézy, H)

If
R={n,r,..}CMp n<n<...,
such that
, R(x)
lim sup = ,
X—~400 |0gX

then R is totally m-primitive.
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The tools used in the proof of Theorem 3

In the proof of Theorem 3 the following tools are used:

¢ a bound for the number of solutions of Pell equations with
max(|x[, [y|) <N,

e a classical result of Baker concerning the finiteness of solutions of
simultaneous Pell equations.
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Theorem 3 is nearly sharp

Theorem 4 (Sarkdézy and H)
There exists an m-reducible subset R C M3, and a number xy such

that for x > xo we have

R(x) >

1
log X.
log51 &%
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Sketch of the proof of Theorem 4

Denote the solutions of the Pell equation
y? —2722 =1

(ordered increasingly) by (y1,z1) = (3,2), (2, 22) = (17,12), ...
It is well-known that y, + z,v2 = (y1 + z1v2)" = (3 +2v2)" (n > 1).
Define the subset R C M, by

R={Z+1,... 2241, Ju{y2+1,...,y2+1,..}
Then as 2(z2 + 1) = y2 + 1, we have that R is m-reducible:

(1,2} {22 +1,2241,...,2241,..} =R.

A simple calculation also gives that

R(x) > log x.

log 51
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Changing elements of M/,

Now we are interested in changing elements of M;,.

The following result is a multiplicative analogue of Theorem A of
Sarkdézy and Szemerédi (related to a conjecture of Erdds).

Theorem 5 (Sarkézy and H)
For k > 2 and any ¢ > 0 changing

O<X1/k exp (—(Iog2+€) log X ))

log log X

elements of M. up to X (deleting some of its elements and adding
positive integers) the new set R obtained in this way is totally
m-primitive.
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Sketch of the proof of Theorem 5

Let R be a set obtained in the way described in the theorem. Assume
that R = A B.

Take distinct by, bo € B. Then for any a € A we have bja = rg)

(i=1,2).

Hence borl!) = b r® typically’ yielding byxK — boyk = by — by.
However, not always!

The heart of the proof is to guarantee that we can find ‘sufficiently
many’ solutions of an equation by x* — boy* = by — by.
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Sketch of the proof of Theorem 5 - continued

For this, first guarantee the existence of many a € A, b € B in 'short
multiplicative’ intervals with ab € R.

Then building a bipartite graph on these a, b as vertices, connecting
two of them if ab € M/, we guarantee the existence of many edges.

A theorem of Bollobas on the so-called Zarankiewicz function gives a
‘large’ complete bipartite subgraph, yielding 'many’ solutions to

Exk — Fyk =G

which are 'multiplicatively close’ to each other.
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Remarks and open problems

The results concerning the totally m-primitivity of sets of shifted powers
can be extended for number fields.

Problem

Are there k, ¢ € N with k > 1 and ¢ > 1 such that

{xky® +1: (x,y) € N2} is m-reducible? If yes, for what pairs k, ¢ € N is
this set m-reducible? More generally, for f(x,y) € Z|x, y| when is
{f(x,y) > 0:(x,y) € Z2} m-reducible?

Ifk =1 or¢ =1 then the set {xKy’ +1: (x,y) € N} is m-reducible.
On the other hand, if d = (k,£) > 1 then {xKy* +1: (x,y) € N?} is
totally m-primitive since it is a ’large’ subset of {z9 + 1 : z € N}. So the
answer to the first question is, perhaps, 'no’.

= = = = =
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Remarks and open problems

Ifk,t €N, k >1and/( > 1 then the set {x*y* +1: (x,y) € N’} is
totally m-primitive.

Finally, the additive analogue of the above Conjecture:

Problem
Let k, ¢ be positive integers greater than one. Is it true that the set

XKyt v1:xyeZ, (x,y)#0}

is totally m-primitive?

In fact, there are many more ...
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Sets generated by narrow sets of primes - background

Definition
Denote the greatest prime factor of the positive integer n by p™(n).

Then n is said to be smooth (or friable) if p*(n) is "small” in terms of n.

More precisely, if y = y(n) is a monotone increasing function on N
assuming positive values and n € N is such that p*(n) < y(n), then we
say that n is y-smooth, and we write F, (F for “friable”) for the set of all
y-smooth positive integers.

v,

Note that if y(n) tends to infinity, then for any prime q there is an
N e F, with p™(N) = q.
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Sets generated by narrow sets of primes - background

Conjecture (Sarkdzy)

Ifo<e<A1,
y(n) =IT,
the set F, C N is defined by

Fy={n:neN,p*(n) < y(n) = r°}
and F, C N is a set such that
f;/ (4 .Fy,
then there are no sets A, B C N with |A|,|B| > 2 and

AERBI=VE
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Sets generated by narrow sets of primes - background

Elsholtz and Harper (2015), with sieve methods:

Theorem B

There exists a large absolute constant D > 0, and a small absolute
constant k > 0, such that the following is true. Suppose y(n) is an
increasing function such that

(logn)P < y(n) < n* for large n, (1)
and such that
y(2n) < y(n)(1 + (100log y(n))/ log n).
Then a ternary decomposition

A+B+C~F,

where A, B and C contain at least two elements each, does not exist.
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Sets generated by narrow sets of primes - new results

Put G, == 7, + {1}.

Theorem 6 (Gyory, Sarkdzy, H)
If y(n) is an increasing function with y(n) — oo and

y(n) <273%2logn for large n,

then F is totally a-primitive, while G, is totally m-primitive.

If y(n) is increasing then the set 7, is m-reducible since 7, = F - F,
and we also have F, ~ F, - {1,2}.

Thus if we want to prove an m-primitivity theorem involving 7, then we
have to switch from ), to the shifted set G,,.
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Sketch of the proof of Theorem 6

Assume to the contrary that 7j, = A + B, wlog B(N) > A(N) for
infinitely many N.

Let a1, a, € A. Then for any b € B large enough we have Xy, Y, € F
with Xp, = as + b, Yp, = a; + b, yielding Xp, — Yp = a» — ay.

If we consider everything up to some bound N, this is an S-unit
equation.

Setting W(x,y) = [{n: n< x, pt(n) < y}|, we get
B(N) > 3(W(N,y(N)))"/2.

On the other hand, by using a bound of Beukers and Schlickewei on
the number of solutions of S-unit equations, we get
S(U(N, y(N)))1/2 < 216l (N1,
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Sketch of the proof of Theorem 6 - continued

Lemma 2 (de Bruijn)

Write I I
Z= OgXlog 14 y -I-Llog 1+ogX .
log y log x log y y

Then we have, uniformly forx >y > 2,

1 1
log W(x,y) _Z<1 +O(|ogy * Iog|0g2X>) '

This by some additional argument implies the statement.
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The additive case - a converse statement

Theorem 7 (Gyory, Sarkdzy, H)

Let y(n) be any monotone increasing function on N with

n

5 <y(n)<n forallneN.

Then F, is not totally a-primitive. In particular, in this case the set

is a-reducible, namely, we have F, N [9, +o0) = A + B with

A={neN:noneofn,n+1,n+3,n+ 5 is prime}, B=1{0,1,3,5}.

Note that if the prime k-tuple conjecture is true for k = 2, 3, then there
is no decomposition with 2 < |B| < 3.

L. Hajdu (University of Debrecen) Indecomposability of sequences 22 April, 2022 29/35



A problem in the multiplicative case

Let y(n) be any monotone increasing function on N with

g<y(n)<n forallne N.

Problem (Gyory, Sarkézy, H)
Is the set G, totally m-primitive?

Theorem 8 (Gyory, Sarkdzy, H)

For any C c N withC ~ G, there is no decomposition of the form
C=A-Bwith|B| < +oc.
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An analogous problem involving thin sets of primes

Elsholtz and Harper proved:

LetP = {p1,po,...,pr} C P be any finite set of primes, and let

R(P)={neN:p|n = peP}

Then R(P) is totally a-primitive.

They also remarked that it follows from a result of Tijdeman that:

Theorem D

There exists an infinite set P of primes, such that the set R(P) is
totally a-primitive.
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An analogous problem involving thin sets of primes

Note that we have R(P) = {1,p1} - R(P). Put T(P) = R(P) + {1}.
Theorem 9 (Gyory, Sarkdzy, H)
IfP={p1,p2,...} CP (withpy < po < ...)Is a non-empty (finite or

infinite) set of primes such that there is a number xy with

P(x) < 51—1 loglog x for x > Xo,

then the set R(P) is totally a-primitive, while T (P) is totally m-primitive.

Main tools used in the proof:
e bounds for various functions related to prime numbers,
e bounds for the number of solutions of S-unit equations.
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A converse statement

Theorem 10 (Gyory, Sarkdzy, H)

LetP =P\ Q with a finite set Q C P, and let eithert > 2 ort = cc.
Then R(P) has a decomposition R(P) = A+ B with | A] = co and
|B| = t.

e |t is also shown that the statement is sharp in the sense that one can
find arbitrary 'thin’ infinite sets Q such that R(P) does not allow such a
decomposition with |B] finite.

¢ Similar statements are also proved for 7(P).
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Two problems

Problem (Gyory, Sarkézy, H)

Does a set P C P exist such that its counting function P(x) satisfies
P(x)/ loglog x — oo and R(P) is totally a-primitive?

Problem (Gy®dry, Sarkézy, H)

Is it true, that if Q C P, Q is infinite, and P is defined by P =P \ Q,
then R(P) is totally a-primitive?

We conjecture that the answer is affirmative in both cases.
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Thank you very much
for your attention!
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