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Irreducible polynomials

Definition
The degree of a non-zero polynomial ag +ajx+---+a,x" in a variable x is defined
to be n when a, # 0. The degree of the zero polynomial is defined to be —co.

The degree of a non-zero polynomial Zaijxiyj in two variables x, y is defined to
iJ

be max{i+ j|a;; # 0}. A constant polynomial is either a zero polynomial or has

degree 0.

Definition
A polynomial of degree n > 1 in one or more variables with coefficients in a field F

is said to be irreducible over I if it cannot be written as a product of two
polynomials over [F of degree less than n.

@ Every polynomial of degree one is irreducible.
@ x%+1 is irreducible over R but reducible over C.

@ x2+x+1 is reducible over the field of three elements.
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Uses of polynomials

@ Irreducible polynomials are building blocks for all polynomials.
@ Polynomials are used to define finite fields.

@ Roller coaster designers can use polynomials to describe the curves of the
rides.

@ Engineers use polynomials to graph the curves of bridges.
@ In hospitals, polynomials are used to keep records of patients' progress.

@ Polynomials of several variables are useful for studying Quantum Information
Theory.
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The Fundamental Theorem of Algebra (Gauss, 1797) J

An irreducible polynomial over R has degree one or two.

Gauss (1777 - 1855)
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Eisenstein Irreducibility Criterion (1850)

Let f(x) = apx"+a, 1xX" ' +---+ag be a
polynomial with coefficients in the ring 7 of
integers. Suppose that there exists a prime
number p such that

® a, is not divisible by p,
@ q; is divisible by p for0<i<n-—1,
e ay is not divisible by p>.

Then f(x) is irreducible over the field Q of
rational numbers.

Eisenstein (1823 - 1852)

A polynomial which satisfies the above three conditions is called an Eisenstein

polynomial with respect to prime p.
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Example

For a prime number p, consider the p* cyclotomic polynomial

P
d>p(x):xp7]+xp72—|—~--+x+1:x T
Y—
(x+1)P—1 —1, (P\.p—2 p
CDp(x—i—l):f:xP —+ 1 xp 4.+ p_l

is irreducible over Q by Eisenstein Irreducibility Criterion.

Question

When is some translate f(x+c) of a given polynomial f(x) € Z|x] an Eisenstein
polynomial with respect to a prime p?
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Classical Dumas Irreducibility Criterion
(1906)

Let f(x) = axX"+a, 1X" ' +---+ag be a
polynomial with coefficients in 7. Suppose there
exists a prime p whose highest power p'i dividing
a; (where ri = ifa; =0), 0 <i<n, satisfy

o r,=0,
o ri/(n—i)>ro/nfor1 <i<n-—1 and
e gcd(rg, n) = 1. Gustave Dumas (1872- 1955)

Then f(x) is irreducible over Q.
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Classical Dumas Irreducibility Criterion
(1906)

Let f(x) = axX"+a, 1X" ' +---+ag be a
polynomial with coefficients in 7. Suppose there
exists a prime p whose highest power p'i dividing
a; (where ri = ifa; =0), 0 <i<n, satisfy

o r,=0,

o ri/(n—i)>ro/nfor1 <i<n-—1 and

o gcd(rg, n) = 1.
Then f(x) is irreducible over Q.

Gustave Dumas (1872- 1955)

@ Note that Eisenstein Irreducibility criterion is a special case of the above

criterion with ryp = 1.

Example
x> +3x2+9x+9 is irreducible over Q.
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Notation
Let p be a prime number. For any non-zero integer ¢, v,(c) will denote the
highest power of p dividing c. Set v,(0) =eo. The map v, satisfies the following
properties for all a,b € Z:

(i) vplab) =vy(a)+vy(D),

(i) vp(a-+b) > minfvy(a),v, (b)}.
v, is called the p-adic valuation of integers.
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Classical Dumas Irreducibility Criterion
Let f(x) = ax" +a, 1xX"~' +---+ay be a polynomial with coefficients in Z.
Suppose there exists a prime number p such that

® vy(a,) =0,

@ vy(aj)/(n—i) >vp(ag)/nfor 1 <i<n—1

@ v,(ap) is coprime to n, then f(x) is irreducible over Q.
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Classical Dumas Irreducibility Criterion
Let f(x) = ax" +a, 1xX"~' +---+ay be a polynomial with coefficients in Z.
Suppose there exists a prime number p such that

® vy(a,) =0,

@ vy(aj)/(n—i) >vp(ag)/nfor 1 <i<n—1

@ v,(ap) is coprime to n, then f(x) is irreducible over Q.

A polynomial which satisfies the above three conditions is called an
Eisenstein-Dumas polynomial with respect to prime p.

In 1923, Classical Dumas Irreducibility Criterion was extended to polynomials
over more general fields namely, fields with discrete valuations by Kiirschak.
Indeed it was the Hungarian Mathematician JOSEPH KURSCHAK who gave the
formal definition of the notion of valuation of a field in 1912.
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Definition
A real valuation v of a field K is a mapping v: K — RU{e} satisfying
(i) v(a) =c0 <= a=0,
(ii) v(ab) =v(a)+v(b),
(i) v(a+b) > min{v(a),v(b)}.
The pair (K,v) is called a valued field. The set R, ={a €K | v(a) >0} is a
subring of K called the valuation ring of v; it has unique maximal ideal m, given by

my,={a €K | v(a)>0}.

R,/my, is called the residue field of v and v(K*) the value group of v. A valuation v
of K is said to be discrete if the group v(K*) is isomorphic to Z.

v
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When is a translate an Eisenstein-Dumas polynomial?

Theorem (-, A. Bishnoi, 2010)

Let g(x) = apx" +a,_1x" '+ +ag be
a polynomial with coefficients in Z. Let
p be a prime number coprime with na,.
If there exists an integer ¢ such that
g(x+c) is an Eisenstein-Dumas
polynomial with respect to p, then so is

n"g(x— ‘%)

Anuj Bishnoi
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Classical Schénemann Irreducibility Criterion (1846)

Let ¢(x) belonging to Z[x] be a monic polynomial which is irreducible modulo a
given prime p. Let f(x) belonging to Z[x] be of the form f(x) = ¢ (x)" + pM(x)
where M[x] € Z[x] has degree less than ndeg ¢ (x). If ¢(x) is coprime to M(x)
modulo p, then f(x) is irreducible in QIx].

SIS O GENCTEN SIS TR GENEENSNEIY A Walk through Irreducible Polynomials over Q 13 /43




Classical Schénemann Irreducibility Criterion (1846)

Let ¢(x) belonging to Z[x] be a monic polynomial which is irreducible modulo a
given prime p. Let f(x) belonging to Z[x] be of the form f(x) = ¢ (x)" + pM(x)
where M[x] € Z[x] has degree less than ndeg ¢ (x). If ¢(x) is coprime to M(x)
modulo p, then f(x) is irreducible in QIx].

Eisenstein Irreducibility Criterion is easily seen to be a particular case of
Schénemann Criterion by setting ¢ (x) = x.
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Restatement of Schonemann Criterion

Ler R be an integral domain and ¢(x) € R[x] be a monic polynomial. Then on
dividing by successive powers of ¢ (x), every polynomial f(x) € R[x] can be
uniquely written as a finite sum Zﬁ(x)gb(x)’ with deg f;(x) < deg¢(x) called the

i>0
¢ (x)-expansion of f(x).

Schénemann Irreducibility Criterion

Let ¢(x) belonging to Z[x] be a monic polynomial which is irreducible modulo a
given prime p. Let f(x) belonging to Z[x] be a monic polynomial having

¢ (x)-expansion i fi(x)o (x)" with f,(x) = 1. If p divides the content of f;(x) for
i=0

0 <i<nand p? does not divide the content of fy(x), then f(x) is irreducible over

Q.

Example

The polynomial (x2 +1)3 4+ 3(b1x+by) (x> + 1) +3(c1x+c2) (x> +1) +3(dix + da)
is irreducible over Q for all integers by,by,c1,c2,d;,d>, with 3 not dividing at least
one of dy,d, in view of Schénemann Irreducibility Criterion.
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Generalised Schonemann Irreducibility Criterion

For a prime p, we shall denote by v}, the Gaussian valuation extending v;, defined
on the polynomial ring Z[x] by

v}‘,(Zc,-xi) = rniin{vp(ci)}7 ¢ €Z.
Note that for g(x) € Z[x], v},(g(x)) = v,(content(g(x))).

Generalised Schénemann Irreducibility Criterion (Ore 1928, Brown
2008)

Let ¢(x) belonging to Z[x] be a monic polynomial which is irreducible modulo a
fixed prime p. If the ¢-expansion of a polynomial f(x) belonging to Z[x| given by

i fi(x)9(x) satisfies
i=0

(i) fo(x)#0, fu(x) is a constant polynomial not divisible by p,

(i) 2UD) > B S g gorp<i<n—1,

n
(iii) v;(fo(x)) and n are coprime,
then f(x) is irreducible over Q.
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Newton polygon with respect to a prime p

Let p be a prime number and v, denote the p-adic valuation.
o Let f(x) = anx" +a,_1 X" '+ +ajx+ag € Z[x] with apa, # 0.

@ Let P, stand for the point in the plane having the coordinates (i,v,(a,—i))
when a,_; 20, 0<i<n.

@ Let y;; denote the slope of the line joining P; and P; if a,_;a,—; # 0.
@ Let i; be the largest index not exceeding n such that
Hoi, = min{pto; | 0 < j<n, an_j#0}.
If i <n, let iy be the largest index i; < i, < n such that
Miyiy = min{i;, j | iy <j<n, apj# 0}.

and so on.
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@ The Newton polygon of f(x) with respect to p is the polygonal path having
segments PP, , P, P,,...,P, P, with iy =n.

Tk—1

@ These segments are called the edges of the Newton polygon of f(x) with

respect to p and their slopes from left to right form a strictly increasing
sequence.

@ Newton polygon of f(x) with respect to p is the polygonal path formed by
the lower edges along the convex hull of points of the set S defined by

S={(i,vp(an—i)) | 0<i<n, a,_; #0}.

SIS O GENETER SIS TR GENETELINSNEIY A Walk through Irreducible Polynomials over Q 17 / 43



Example

Let p = 3. Consider the polynomial f(x) = x* +3x> +12x+9.
f)=x + 38 +12x + 9
\ \ A \
§={(0,0), (1,1), (2,1), (3,2)}
(3,2)

(1,1)

(0,0) 1 2 3 4 5

Newton Polygon of f(x) =x3+3x*+12x+9 w.rt. 3
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Newton polygon w.r.t. to p of an Eisenstein polynomial

Let
f(x) =apx" tap XNt € Z|x|
be an Eisenstein polynomial w.r.t. to p.

(0,0) (n.0)

Restatement of Eisenstein Irreducibility Criterion:
o Let f(x) = apx* +a, (X" "'+ +ag € Zx|.

@ Assume that the Newton polygon w.r.t. to p of f(x) for some prime p has
only one edge with vertices {(0,0),(n,1)}.

@ Then f(x) is irreducible over Q.
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Ore's Generalisation of Dumas Irreducibility Criterion

Restatement of Classical Dumas Irreducibility Criterion
o Let f(x) =apx* +a, (X" '+ +ag € Zx|.
@ Assume that the p-Newton polygon of f(x) for some prime p has only one
edge joining the points{(0,0), (n,v,(a0))}.
o If vy(ag) is coprime to n, then f(x) is irreducible over Q.

Ore’s Generalisation of Dumas Irreducibility Criterion (1928)
Let f(x) = auX" +a,_1xX""' +---4ag € Z[x] be such that the p-Newton polygon of
f(x) for some prime p has only one edge joining the points (0,0), (n,v,(ao)). If e

is the smallest positive integer such that e@ is in Z, then each factor of f(x)
over Q has degree divisible by e.
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Dumas’ result on the Newton polygon of product of
polynomials w.r.t. p

Theorem (Dumas, 1906)

Let g(x),h(x) € Z[x] with g(0)h(0) #0, and let p be a prime. Let p’ > 1 be the
highest power of p dividing the leading coefficient of g(x)i(x). Then the Newton
polygon of g(x)h(x) w.r.t. p can be formed by constructing a polygonal path
beginning at (0,7) and using translates of the edges in the Newton polygons of
g(x) and h(x) w.r.t. p in the increasing order of slopes.
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Let p=3.

Ba

Newton polygons of g(x) =x* +3x> +12x+9 and h(x) = 2x*> +9x+3 w.r.t. 3

Newton polygon of g(x)h(x) = 2x> 4+ 15x* 4 54x3 4+ 135x% + 117x+ 27 w.r.t. 3
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@-Newton polygon with respect to a prime p

Let p be a prime number and ¢(x) € Z[x] be a monic polynomial which is
irreducible modulo p.

o Let f(x) belonging to Z[x] be a polynomial having ¢ (x)-expansion
.goﬁ(xm(x)f with fo(x)fu(x) # 0.

o ¢-Newton polygon of f(x) with respect to p is the polygonal path formed by
the lower edges along the convex hull of points of the set S defined by

S={(vp(f-i(x)) | 0<i<n, fuilx)#0}.

@ The slopes of these edges from left to right form a strictly increasing
sequence.

@ The ¢-Newton polygon minus the horizontal part (if any) is called its
principal part.
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Example of ¢-Newton Polygon

Let p=35, ¢(x) =x>+2 and f(x) = ¢ (x)> + (5x+20)¢ (x)> + (25x — 5)d(x) +75.

fx)=0(x)® + (5x+20)9(x)> +(25x—5)p(x) + 75

+ + \ 1
§={(0,0), (1,1), (2,1), (3,2)}
(3,2)
1 <&1> (2,1)
(0,0) 1 2 3 4 5

(x> +2)-Newton Polygon of f(x) w.r.t. 5
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Generalised Schonemann Irreducibility Criterion restated

@ Let ¢(x) belonging to Z[x] be a monic polynomial which is irreducible modulo
a fixed prime p. Let f(x) € Z[x] be a polynomial having ¢-expansion given by

if,-(x)(p(x)i with fo(x) #0, fu.(x) a constant polynomial not divisible by p.
i=0

@ Assume that the ¢-Newton polygon of f(x) for some prime p has only one
edge joining the points (0,0) with (n,v},(fo(x))).

o If vi,(fo(x)) is coprime to n, then f(x) is irreducible over Q.
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A well-known result of |. Schur

In what follows, a polynomial f(x) € Q[x] will be called irreducible, if it is
irreducible over Q.

Theorem 1 (1. Schur, 1930)

The polynomial
! X2 x"
+x-+ 5 +- 4+ ﬁ
is irreducible for each n > 1.

@ Indeed Schur proved that for arbitrary integers ag,ay, ... ,a, with
|ag| = |an] = 1, the polynomial

X2 x"
agtaix+ay—-+---+a,—
2! n!
is irreducible for each n > 1.
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Issai Schur

10.01.1875-10.01.1941

SIS O GENETER SIS TR GENETELINSNEIY A Walk through Irreducible Polynomials over Q 27 /43



Theorem 2 (-, Jindal, 2023)

Let n>2 be an integer. Let ¢(x) belonging to Z[x] be a monic polynomial which
is irreducible modulo all primes dividing n. Let ay(x),a;(x),...,a,—1(x) belonging
to Z|x] be polynomials each having degree less than deg¢ and a, be an integer.

n—1
Assume that a, and the content of the polynomial T[] a;(x) are coprime with n.
i=0

Then the polynomial
n—1 X i x)"
a2, 00"
i=0 :

i n!

is irreducible over Q.

Example 1

Let ¢(x) € Z[x] be a monic polynomial which is irreducible modulo the primes 2,3.
We may take ¢(x) = x> —x>+1 or x* —x— 1. Let ap(x),a;(x),...,as(x) in Z[x] be
polynomials with degree less than deg¢ and each having content coprime with 6.
Then F(x) is irreducible over Q where

S 6! 4
F(x)=9¢(x)°+ ;) S ai(0)9x)".
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Theorem 3 (-, Jindal, 2023)

Let n>2 be an integer. Let ¢(x) belonging to Z[x] be a monic polynomial which
is irreducible modulo all primes less than or equal to n. Let

ap(x),a; (x),...,a,—1(x) belonging to Z[x| be polynomials each having degree less
than deg ¢ (x) and a, be an integer. Assume that a, and the content of ag(x) are
coprime with n!. Then the polynomial

e e
;) al-(x)T +a,———

" n!

is irreducible over Q.

Example 2

Let ¢(x) € Z[x] be a monic polynomial which is irreducible modulo the primes 2,3
and 5. We may take ¢(x) = x* +ax+a where 30 divides a+ 1. Let a;(x) € Z[x] be
polynomials each having degree less than 4 for 0 <i <5 and ag be an integer. If
the content of agap(x) is coprime with 30, then F(x) is irreducible over Q where

( _a6¢ +Zial
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@ In Theorem 3, the assumptions “a, and the content of ag(x) are coprime with
n!" cannot be dispensed with. Consider ¢(x) = x* +x+ 1 which is irreducible
modulo 2. The polynomial

9(x)? 1

P =25 4600 —4= 200 +4)(9(0) -2)

is reducible over Q. So is the polynomial

9(x)°
2!

G(x) =12 —9() —1=(3¢(x) +1)(2¢(x) - 1).
@ Theorems 2, 3 do not hold if a, is replaced by a (monic) polynomial over Z
having degree less than deg¢(x). With ¢(x) = x> +x+ 1, the polynomial

o(x)°

(x+1) o

+(x+2)0(x)+ (4x+3)

has —1 as a root.

@ The analogues of Theorems 2 and 3 do not hold for n =1 because if ¢(x) is a
monic polynomial of degree m > 2, then the polynomial ¢(x)— (¢ (x) —x™) is
reducible.
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A key result for the proof

Theorem 4 (-, Jindal, 2023)
Let n,k and { be integers with 0 < ¢ <k <% and p be a prime. Let ¢(x) € Z[x] be
a monic polynomial which is irreducible modulo p. Let f(x) belonging to Z[x] be a
monic polynomial not divisible by ¢ (x) having ¢-expansion )n: fi(x) o (x)" with

i=0

fu(x) #0. Assume that vy, (fi(x)) >0 for 0 <i<n—{—1 and the right—most edge

of the ¢-Newton polygon of f(x) with respect to p has slope less than . Let
ap(x),a1(x),...,a,(x) be polynomials over Z satisfying the following condltlons

(i) dega;(x) < deg¢(x)—degfi(x) for 0 <i<n,
(ii) vy(ao(x)) =0, i.e., the content of ag(x) is not divisible by p,
(i) the leading coefficient of a,(x) is not divisible by p.
Then the polynomial Z a;(x) f:(x)9(x)" does not have a factor in Z[x] with degree
lying in the interval [(E—i— l)deg¢,(k+1)deg9).
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Bessel polynomials

@ The Bessel polynomial of degree n is defined by

o(n+j)! rxNJ
= (n= ! (E) '
@ These polynomials may also be defined using Bessel functions. Bessel

functions were first defined by the mathematician Daniel Bernoulli
(1700-1782) and they were generalized by Friedrich Bessel around 1817.

ya(x) =

@ In 1951, Grosswald conjectured that y,(x) is irreducible for each n > 1.

n . .
o Note that x"y, (2) = ¥, gf;)f,)j!,x/ is a monic polynomial with integeral
=

coefficients.
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Bessel polynomials

@ The Bessel polynomial of degree n is defined by
o(n+j)! rxNJ
(%) J;)(n—])!]! 2

@ These polynomials may also be defined using Bessel functions. Bessel
functions were first defined by the mathematician Daniel Bernoulli
(1700-1782) and they were generalized by Friedrich Bessel around 1817.

@ In 1951, Grosswald conjectured that y,(x) is irreducible for each n > 1.

n . .
o Note that x"y, (2) = ¥, gf;)f,)j!,x/ is a monic polynomial with integeral
=
coefficients.

Theorem 5 (M. Filaseta and O. Trifonov, 2002)

Let n be a positive integer and let ay,ay,...,a, be arbitrary integers with
|ag| = |an| = 1. Then the polynomial z,(x) is irreducible over Q where

SIS N O GENETTEN SIS TR GENEENS NG A Walk through Irreducible Polynomials over Q 32/43



AR\

Michael Filaseta Ognian Trifonov
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Generalized Laguerre Polynomials

Definition

Let o and n be integers with n > 1. The Generalized Laguerre Polynomial of
degree n with parameter « is denoted by Lflm(x). It is defined by

L (x) = i(_l)nﬁ‘(“a)(n—l+oc)---(j+1+a)

~— x/.
j=0 (n— !

These polynomials are named after the famous mathematician Edmond Nicolas
Laguerre (1834-1886) and are the solutions of the Laguerre's differential equation
xy' +(a+1-x)y +ny=0, y=y().

One can also define the Generalised Laguerre polynomials recursively, defining the
first two polynomials as Lgx) (x) =1, L(la)(x) =x—1—a and then using the
following recurrence relation for k > 1,

= ETH1- )L (x) - (k+ a) L) (x)
ket k+1 '
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Special types of Laguerre polynomials

e Fora=-n—1, L£,7"71>(x) also has a familiar form given by

ey CDED) ) g
“5Y (n—)LJ! =L

So LS,7'171>(x) is the n'" Taylor polynomial of the exponential function.

@ For a =0, LS,O) (x) has a simple form given by

L,(P)(x) = Zn:(_l)n /"(”— 1)- (H‘l Zj: ) <]) X/

=0 (n—j)j!
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Special types of Laguerre polynomials

e Fora=-n—1, L£,7"71>(x) also has a familiar form given by

n (=1 (=2)--(— ) noyl
:Z(_l)n*j( )( ) : f"n+1)x}:Z%_
= (n—j)j! =
So L, " 1>(x) is the n'" Taylor polynomial of the exponential function.
@ For a =0, LS,O) (x) has a simple form given by

n

Ll(10)(x) = Z(—l)” jnn—1)-- (H‘l Zj: )" <]) X

=0 (n—j)j!

LELO) (x) is called the classical Laguerre polynomial of degree n.
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Special types of Laguerre polynomials

e Fora=-n—1, L£,7"71>(x) also has a familiar form given by

ey CDED) ) g
“5Y (n—)LJ! =L

So LS,7'171>(x) is the n'" Taylor polynomial of the exponential function.

@ For a =0, LS,O) (x) has a simple form given by

L,(P)(x) = Zn:(_l)n /"(”— 1)- (H‘l Zj: ) <]) X/

=0 (n—j)j!

LELO) (x) is called the classical Laguerre polynomial of degree n.

o Generalized Laguerre polynomials are related to Bessel polynomials. Indeed

2 L2 ;
() =m0 = £ g

= (=) 1
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Examples of reducible Generalized Laguerre Polynomials

e For o = —a where 1 <a <n is an integer, it can be easily seen that
(—a) < nf'(nfa)(nflfa)"'(j+17a) j
L, 7 (x)= 1)t/ L J
0=%y o x
=x“L£,@a(x).
Hence L,(,a) (x) is reducible for o« = —a where 1 <a <n.
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Examples of reducible Generalized Laguerre Polynomials

e For o = —a where 1 <a <n is an integer, it can be easily seen that
(—a) < nf'(nfa)(nflfa)"'(j+17a) j
L, 7 (x)= 1)t/ L J
0=%y o x
=x“L£,@a(x).
Hence L,(,a) (x) is reducible for o« = —a where 1 <a <n.

e One can also check that

L) =5 (x~2)(x~6),

L) (x) :% (x —20) (x — 30),

L) = % (x—30)(x® — 78x% + 1872x — 14040).
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Known cases of irreducibility of L,(fx)(x)

It is known that L,(Za>(x) is irreducible for each n > 1 for the following values of c.

I. Schur (1930)
F. Hajir (1995)
M. Filaseta, O. Trifonov (2002)

M. Filaseta, T. Kidd, O. Trifonov (2012)

S. Nair, T. N. Shorey (2015)

A. Jindal, S. Laishram, R. Sarma (2018)

A. Jindal, S. Laishram (2022)
A. Jindal, S. Laishram (2022)

A. Jindal, S. Nair, T. N. Shorey (2023)

coe{0,1,-n—1}
co=—-n—1—rforrell,g
co=-2n—-1

: oo =nwith n=2 (mod 4)
ca=-n—1—rforrel9,22]
coo=—n—1—r for r €[23,60]
© oo =—2n with n=2 (mod 4)
o= —-2n—f for B €[1,4]
coo=—n—1—rforre[61,100]
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