
INTEGERS AS SUMS OF THREE CUBES

Gary Walsh
gwalsh@uottawa.ca

Tutte Institute and
Dept. Math. University of Ottawa

Ottawa, Ontario, Canada

University of Debrecen Number Theory Seminar
March 25, 2022

GARY WALSH GWALSH@UOTTAWA.CA INTEGERS AS SUMS OF THREE CUBES 1 / 33



Dedicated to Richard Guy
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HISTORICAL BACKGROUND

FIGURE: How Richard Guy controls people’s lives
(p. 232 from UPINT.v3-2004)
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HISTORICAL BACKGROUND

FIGURE: Mordell’s original question, J. London Math. Soc. 1953
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HISTORICAL BACKGROUND

J.C.P. Miller (Cambridge) and
M.F.C. Woollett (Royal Aeronautical Establishment) 1953-54

Mordell suggested a computer search for solutions (k = 3).

Miller and Woollett searched for integer solutions to

x3 + y3 + z3 = k ,

with 0 ≤ k ≤ 100, |z| ≤ |y | ≤ |x | ≤ 3164.

No sol’ns for k ∈ {24,30,33,39,42,52,74,75,80,84,87,96}.

All sol’ns found for k = 2 satisfy
(x , y , z) = (6t3 + 1,−6t3 + 1,−6t2).
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HISTORICAL BACKGROUND

FIGURE: The Electronic Delay Storage Automatic Calculator, 1953-54
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HISTORICAL BACKGROUND

V.L. Gardiner, R.B. Lazarus, P.R. Stein (1961-63):
extended the Miller-Woollett search for |x | up to 65536.

· Suggested to Stein (Los Alamos) by Chowla (UC-Boulder)
(for k = 3) in 1961.

· Search was performed in 1963 on the IBM 7030 STRETCH
computer at the Los Alamos Research Lab.

· For the unsolved k ≤ 100, solutions found only for k = 87 and
k = 96.
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HISTORICAL BACKGROUND

FIGURE: Los Alamos IBM 7030 STRETCH Computer, 1963
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HISTORICAL BACKGROUND

FIGURE: An IBM 7030 STRETCH circuit board
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HISTORICAL BACKGROUND

D.R. Heath-Brown, W.M. Lioen, H.J.J. te Riele (1993):

Implementation on a vector computer, increasing the search
space to |z| ≤ |y | ≤ |x | ≤ 108.

Found solutions for k ∈ {24,80,84} and for k = 2, a solution
not in the Miller-Woollett family:

35288753 − 34802053 − 12149283 = −2.

Still unsolved at this point: k ∈ {30,33,39,42,52,74,75}.
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HISTORICAL BACKGROUND

Bremner (1994) rewrites the main equation as

(y + t)3 − y3 = z3 + k

in the hope that a solution exists with |t | small.

Putting (X ,Y ) = ((12tz)3,72yt + 36t2), the pair (X ,Y ) satisfy

Y 2 = X 3 − 432t6 + 123kt3.

For k = 75, there is an integral point of exactly the correct form
for t = −148:

(X ,Y ) = (7780938384,686353676466816).

4532032313 − 4532030833 − 43811593 = −75.

Other contributors: K. Koyama, D. Bernstein, N. Elkies,
S. Huisman https://math.mit.edu/drew/huisman.txt
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HISTORICAL BACKGROUND
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SOME EYE-POPPING EXAMPLES

Booker and Sutherland - 2019

The answer to Mordell’s question is YES.

x = 569936821221962380720
y = 569936821113563493509
z = 472715493453327032

then

x3 − y3 − z3 = 3.
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SOME EYE-POPPING EXAMPLES

Booker - 2019

x = 8866128975287528
y = 8778405442862239
z = 2736111468807040

then

x3 − y3 − z3 = 33.
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SOME EYE-POPPING EXAMPLES

Booker and Sutherland - 2021

x = 80538738812075974
y = 80435758145817515
z = 12602123297335631

then

x3 − y3 − z3 = −42.
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TOWARDS AN ALGORITHM

A simple observation

x3 + y3 + z3 = k (|z| < |y | < |x |)

with k small (typically) forces |x | ≈ |y |.

As Bremner did, rewrite (1) as

x3 − y3 = z3 + k ,

and focus on t = x − y .
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TOWARDS AN ALGORITHM

A simple observation continued

Define t = x − y , then t is a divisor of

x3 − y3 = z3 + k = NQ(k1/3)/Q(z + k1/3).

"Ideally" then,

t = NQ(k1/3)/Q(α) = a3 + b3k + c3k2 − 3kabc,

for some α = a + bk1/3 + ck2/3 ∈ Z[k1/3].

(t can be used to compute z by modular cube roots and lifting,
and then x , y by the quadratic formula.)
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OBSTACLES

Integral Basis
For k square-free, {1, k1/3, k2/3} is an integral basis.

Class Number
Cheat. I can explain!

Large Search Range
Reduction to searching over b and c only.
(recall α = a + b · k1/3 + c · k2/3)
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OVERCOMING NON-UNIQUE FACTORIZATION

Although t may be a product of primes that split in Z[k1/3], it
may not be a norm.

At best, provably, th is a norm, where h is the class number.

Experiments show that lt is a norm for some very small factor l .

N.T.Z. Sardari (2018):
(GRH) The least prime in an ideal class ≤ h2

K log(DK ).

Consequence: for each α = a + bk1/3 + ck2/3, N = NK/Q(α),
we test

t = N/ gcd(N, l)

for small 1 ≤ l ≤ BOUND. (currently using BOUND = 5)
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REDUCING THE SEARCH SPACE

If
t = a3 + b3k + c3k2 − 3kabc

and |c| is large enough wrt t , then

|t/c3| = |(a/c)3 + (b/c)3k + k2 − 3k(a/c)(b/c)|

is small, and a/c may be close to the* real root, say λ, of

P(X ) = X 3 − 3k(b/c)X + (k(b/c)3 + k2),

and a ≈ cλ.

In fact: a ≈ cλ ≈ −bk1/3 − ck2/3.
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THE ALGORITHM

• Create α by looping over certain ranges for b, c
α = a + bk1/3 + ck2/3

(a is chosen in a small interval containing −bk1/3 − ck2/3)

• compute the value N of the norm form
N = a3 + b3k + c3k2 − 3kabc

• ‘try’ t = N/ gcd(N, l) over small integers l ≥ 1
(i.e. use t , k to compute z by modular cube roots and lifting,
and then hope the quadratic formula gives x , y from z, t).
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PRELIMINARY EXAMPLES

Example 1: k = 2, h = class number = 1

2 = (6t3 + 1)3 − (6t3 − 1)3 − (6t2)3.

Guy asked for solutions not in this family.

(x , y , z) = (3528875,3480205,1214928)

(te Riele and Heath-Brown, ≈ 30 hours cpu time in 1990)

t = 48670 and

t = NQ(21/3)/Q(−2 + 23 · 21/3 + 17 · 22/3)

(z1 = 46848 = 21/3 (mod t), and z = z1 + 24 · t).
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PRELIMINARY EXAMPLES

Example 2: k = 7,h = 3

Small solution: (x , y , z) = (2,0,1).

Larger solution:
(x , y , z) = (17136136,13010655,14144042)

produced in the following way:

A small search eventually gives

α = −395 + 196 · 71/3 + 18 · 72/3,

N = N(α) = 20627405.

The method ‘tries’ t = N/5 = 4125481 and succeeds in
producing x , y , z.
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PRELIMINARY EXAMPLES

Example 2’: k = 7,h = 3 Even larger solution:

(x , y , z) = (8940123359,6427544172,7657432774)

arising from

α = 142 + 685 · 71/3 − 60 · 72/3.
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EXAMPLE: k = 74, h = 3

Sander Huisman, 2016: x3 − y3 − z3 = −74, where (x , y , z)

= (284650292555885,283450105697727,66229832190556)

t = x − y = 1200186858158 6= NK/Q(γ) for any γ ∈ O, but
2t = NK/Q(a + b · 741/3 + c · 742/3) for (a,b, c) in

{(−56994,−20860,8205), (33454,7214,2039),
(8592,−7232,1295), (213402,51340,12137),
(49068,−3020,−2041), (4498468,1071596,255239),
(1830228,435940,103799), (10218,−3854,539),
(113820,−39256,2895)}
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PRELIMINARY EXAMPLES

Example 3: k = 74, h = 3

(a,b, c) floor(−b · 741/3 − c · 742/3)

(−56994,−20860,8205) − 57044 (∗∗)
(33454,7214,2039) − 66225
(8592,−7232,1295) 7536
(213402,51340,12137) 429469
(49068,−3020,−2041) 48653 (∗)
(4498468,1071596,255239) 8997770
(1830228,435940,103799) − 3659786
(10218,−3854,539) 6679
(113820,−39256,2895) 113782 (∗∗)

Point: Search space for a is almost completely eliminated!
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PRELIMINARY EXAMPLES

Example 4: k = 109 (h = 3)

Searching α = a + b · k1/3 + c · k2/3 can give very erratic and
unpredictable results. Here we search with |a|, |b|, |c| < 100.

α = −56− 16 · 1091/3 + 90 · 1092/3 gives the solution
(X ,Y ,Z ) = (5,−2,−2),

α = −5 + 48 · 1091/3 + 29 · 1092/3 gives the solution
(X ,Y ,Z ) = (−576,514,381).

HOWEVER, α = −7 + 64 · 1091/3 + 8 · 1092/3

gives the solution

(X ,Y ,Z ) = (−69946755,44275762,63448236).
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BOOKER-SUTHERLAND EXAMPLES

Example 5: k = 33, h = 1

x = 8866128975287528, y = 8778405442862239
z = 2736111468807040, t = x − y = 87723532425289

t = NQ(331/3)/Q(102406 + 255182 · 331/3 − 89507 · 332/3)

Note: −255182 · 331/3 + 89507 · 332/3 = 102367.7373...

Cost: b: ≈ 5 · 105, c: ≈ 2 · 105, a:≈ 102, lift factor (31):≈ 50
Total Search Space ≈ 5 · 1014 (Booker took about 1016)
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BOOKER-SUTHERLAND EXAMPLES

Example 6: k = 42, h = 3

x = 80538738812075974, y = 80435758145817515
z = 12602123297335631, t = x − y = 102980666258459

t is not a norm, however

2t = NQ(421/3)/Q(−473180− 76667 · 421/3 + 61231 · 422/3)

Note: 76667 · 421/3 − 61231 · 422/3 = −473343.0184...

Cost: b: ≈ 2 · 105, c: ≈ 2 · 105, a:≈ 5 · 102, lift factor
(122):≈ 102

Total Search Space ≈ 2 · 1015 (B and S took about 1018)
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MORDELL’S QUESTION k = 3 (h = 1)

x = 569936821221962380720
y = 569936821113563493509
z = 472715493453327032
then

x3 − y3 − z3 = 3. (Booker and Sutherland, 2019)

In this case, t = x − y = 108398887211.

t = N(α) with α = a + b · 31/3 + c · 32/3 and (a,b, c) one of

(5603,1612,1156), (−2386,−143,2432), (3824,−2135,992).

Two problems arise: approximation and lifting.
(s = (z − z1)/t = 4360888)
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A VARIATION USING ELLIPTIC CURVES

The factorization (recall t = NK/Q(a + bα+ cα2))

(a + bα+ cα2)(d + eα+ fα2) = z + α

gives

d = 1
t (z(a

2 − kbc) + (kb2 − kac))
e = 1

t (z(kc2 − ac) + (a2 − kbc))
f = 1

t (z(b
2 − ac) + (kc2 − ab)).

Put z = z1 + ts with z1 ≡ −(kb2 − kac)(a2 − 3bc)−1 (mod t),

to get ‘cubic in s = quadratic in Y ’:

NK/Q(d +eα+ fα2) = d3 +ke3 +k2f 3−3kdef = 3Y 2 +3Yt + t2.
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A VARIATION USING ELLIPTIC CURVES

Point: Let r = 6Y + 3t , then (s, r) is an integral point on

r2 = A0s3 + A1s2 + A2s + A3,

with Ai = Ai(a,b, c) (i = 1,2,3).

k = 3 : t = 108398887211 = NK/Q(5603 + 1612α+ 1156α2),

d = 25803193s + 20709780, e = −5023028s − 4031509,
f = −3878524s − 3112924.

and s = 4360888 is the x-coordinate of an integral point on

r2 = 141003824982997192302252s3

+339511260630207004599744s2

+272493544314871871456256s
+37650633287640319405761.
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THE COST
Booker and Sutherland: "Several hundred core-years".

The method above
Time to find an (a,b, c) curve with one computable integral
point) × (cost to find that point on the curve)

Search in the cube 0 ≤ a,b, c < 104, and test the x-coordinates
up to 107. (c is the outer loop)

time ≈ (104)3 × .0025 seconds with hyperellratpoints (M. Stoll)

Expected time: 80 core years.

Actual time to find the solution: ≈ 9.16 core-years!
(3.5 days on a 1000-core dedicated machine).
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