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A.J. van der Poorten in Some facts that should be better known,
especially about rational functions:

Recurrence sequences |[...] are popular amongst professionals and
amateurs alike. Yet it is peculiar difficult to find congenial
summaries of well known basic facts, whilst recent deep results
remain hidden in the technical literature. [...] But much of what |
write is influenced [...] by my being reminded, all too frequently,
that the well known is often not generally known, let alone known
well.
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Recurrences and multi-recurrences

A multi-recurrence is a map G : N°* — K such that

k

G(ny,...,ns) = Zﬁ(nl,...,ns)aﬁl o
i=1

where s and k are positive integers, fi, ..., fx are polynomials in s
variables and n1, ..., ns are non-negative integers. We say that G
is defined over a field K if the coefficients and the bases

a1, ...,a5 fori=1,..., k arein K. If G is defined over K, then
it takes values in K.

If s =1, then the multi-recurrence is a recurrence; we then write
G, = G(n). A recurrence is called non-degenerate if no quotient of
two distinct characteristic roots is a root of unity resp. a non-zero
constant and it is called simple if all characteristic roots are simple
roots.
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Growth of recurrences

Let (G,)o2 be a non-degenerate linear recurrence sequence taking
values in a number field and let G, = fi(n)af + - - - + fe(n)a] with
algebraic integers a1, ..., a; be its power sum representation
satisfying |ai| > |ao| > -+ > |ay| and |ag| > 1.

Then for any € > 0 we have

fa(nag + --- + fi(n)af
f(n)oq

fa(mag + --- + fi(n)af
f(n)oq

|Gnl = [Au(n)l|aa]"

1+

> [f(n)len]” |1 -

1
> Il
> ’a1|n(1—a)

for n sufficiently large.
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Growth of recurrences. |l

Theorem (van der Poorten)

Let (Gp)32, be a non-degenerate linear recurrence sequence taking
values in a number field K and let G, = fi(n)af + - - - + fy(n)af
with algebraic integers g, . .., be its power sum representation
satisfying maxj—1, .t |oj| > 1. Then for any € > 0 the inequality

n(l1—e)
|Gnl = (.max |aj|)
=1,..t

J )

is satisfied for every n sufficiently large.

.
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Growth of recurrences. |l

Theorem (Akiyama-Evertse-Pethd)

Let r > 2 be an integer and h > 1 be a real number. There exists
a linear recurrence sequence (Gp)32, of order r such that G, # 0

for all n, |G,| > h" for infinitely many n and |G,| < h™" for
infinitely many n.
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5.2.5 A Confession. It was this question that moved me to concoct
utterly fallacious proofs (please, do not look at [29] and [73]) of its
answer and other celebrated conjectures of the subject. En route, |
needed a growth estimate for recurrence sequences and stumbled
upon the much deeper results mentioned at 4.3 and applied above.
For [29] there is a corrigendum [71] of sorts (some claims are still
too sloppy), but [73] defies repair since some of its ‘results’ cannot
be true. The criterion at 4.4.5 is at 4.4.5 is a sanitised version of
the viciously false allegation at [73], 1284-85. Those claims which |
have managed to retrieve, necessarily by different arguments from
those originally suggested, are mention below at 6.
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Growth of multi-recurrences

Theorem (van der Poorten-Schlickewei)

Let K be a number field and s a positive integer. Consider the
polynomial-exponential function

K
G(n) =) _fi(n)a]
i=1

with non-zero algebraic integers oj € K, for i = 1,..., k and
J=1,...,s, and polynomials f;(X1,...,Xs) € K[X1,...,Xs]. Fix
€ > 0. Assume that there is an index ip, 1 < iy < k, such that
there is no subset | C {1,..., k} with iy € | and

Z filn)al = 0.

i€l

V.
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Growth of multi-recurrences. |l

Theorem (van der Poorten-Schlickewei)

Then, for |n| large enough we have

|G(n)| > |fiy(n)ac? | e=Inl.
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Growth of multi-recurrences. |lI

@ The condition concerning iy in the above theorem is really
necessary and already stated by van der Poorten and
Schlickewei in 1982. Indeed, the size of G(n) cannot be
bounded by a term from a vanishing subsum.

@ The same statement holds with the completely analogous
proof also for any other valuation Hu on K in the proven
lower bound instead of the standard absolute value.

@ The bound holds for all n with [n| > B. Unfortunately this
lower bound B cannot be given explicitly since it depends,
among others, on the ineffective constant given Evertse's
Theorem below. More precisely, it is influenced by a threshold
where the exponential function becomes larger than a
polynomial function having ineffective coefficients.
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For the tool used we need some notation. Let

Ixl| = max |oi(x)

i=1,..D
with {o1,...,0p} the set of all embedding of K in C and
x = (xo, X1, - .-, Xt). Moreover, we denote by Ok the ring of

integers in the number field K and by Mk the set of places of the
number field K.
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Tool. Il

Theorem (Evertse)

Let t be a non-negative integer and S a finite set of places in K,
containing all infinite places. Then for every € > 0 a constant C
exists, depending only on £, S, K, t such that for each non-empty
subset T of S and every vector x = (xp, X1,...,Xt) € Offl with

X,'0+X,'1+"'+X,'5750

for each non-empty subset {iy, i1,...,is} of {0,1,...,t} the

inequality

t
(TTTL i) TL ot x> € (T o, b ) 1
is valid.

.
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Proof (after F.-Heintze)

We can find a non-zero integer z such that zf;(n)a! are algebraic
integers for all i = 1,..., k and all non-negative integers
ny,...,Ns.

Choose S as a finite set of places in K containing all infinite places

as well as all places such that ajj for i =1,...,kand j=1,...,s
are S-units.
Let 1 be such that ||, = || is the usual absolute value on C. In

particular we have p € S. Further define T = {u}.

We may assume that for the index iy from the theorem we have
io = 1 to simplify the notation. By renumbering summands we can
assume that

y4
G(n)=>_fi(n)a}
i=1
for an integer £ with 1 < ¢ < k has no vanishing subsum.
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Proof (after F.-Heintze). Il

We aim to apply Evertse's theorem. We have

l
(H [1 lzﬁ(n)a?n) 2G(n)] = € max [zf(n)a]]l2x]

i=1ves

for x = (fi(n)af, ..., fi(n)a}) and an &’ to be fixed later. Using
that z is a fixed integer and that the a; are S-units, we get

l
(H II Ifi(n)ly> G(n)| = Cu[A(n)ad] x|~

i=1ves

The part with the polynomials is easy to bound by

l £
ITITtml, < T P < G fnlP™,

i=1ves i=1

where m denotes the maximum of the absolute degrees of the
polynomials fi, ..., fx and D is the degree of K.
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Proof (after F.-Heintze). Il

There exists a constant A > 1, which is independent of n and &’
satisfying

Ixll = max o (fi(m)a)]

tl, .D

< fi i
Irqfx’e loe (fi(n))] - max loe (af)]

yeecy

t=1,...D

H
I
J_l
o
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Proof (after F.-Heintze). IV

We get
G In[P™ |G (n)] > | (n)al| Cs [n| =™ A=InlE"
Thus

1G(n)| > | (n)al| Co n|~PmE=me" A= Inle
> |fi(n)af] A2l

where the last inequality holds for |n| large enough. Thus,
choosing ¢’ such that 2¢" log(A) = &, we end up with

G()| > [fu(n)af] &2 AN  |f(n)as] &<l

and the theorem is proven.
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Growth of recurrences. |l

Theorem (van der Poorten)

Let (Gp)32, be a non-degenerate linear recurrence sequence taking
values in a number field K and let G, = fi(n)af + - - - + fy(n)af
with algebraic integers g, . .., be its power sum representation
satisfying maxj—1, .t |oj| > 1. Then for any € > 0 the inequality

n(l1—e)
|Gnl = (.max |aj|)
=1,..t

J )

is satisfied for every n sufficiently large.

.
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Growth of recurrences in function fields

Theorem (F.-Heintze)

Let (Gp)52, be a non-degenerate linear recurrence sequence taking
values in a function field K in one variable over C with power sum
representation G, = aj(n)af + -+ + ar(n)af. Let L be the
splitting field of the characteristic polynomial of that sequence, i.e.
L= K(ai,...,at). Moreover, let i be a valuation on L. Then
there is an effectively computable constant C, independent of n,
such that for every sufficiently large n the inequality

w(Gn) < C4n- min p(ay)
Jj=1,...,

holds.

.
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Growth of recurrences in function fields. |l

@ The reverse inequality is trivially valid (with another constant).

o If the G, are polynomials with polynomial characteristic roots
and if u = deg, then the bound takes the form

deg G, > n- .rqax.dega,- - C.
i=1,...j

@ The result answers a question of van der Poorten-Shparlinski
in the situation we are working in.
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Tools

Theorem (Zannier)

Let F/C be a function field in one variable, of genus g, let
©1,...,pn € F be linearly independent over C and let
re{0,1,...,n}. Let S be a finite set of places of F containing all
the poles of ¢1,...,p, and all the zeros of 1, ...,p,. Put
o=>"1¢i. Then

,% (V(U) - i:rrl‘ti“r?’nl/(‘?i)) < (’27) (IS +2g —2) + i:z:,;rl’}-[(wi),

Clemens Fuchs (University of Salzburg) On the growth of recurrences



Tools. 1l

Theorem (F.-Pethd)

Let K be as above and L be a finite extension of K of genus g. Let
further a1, ..., aq € L* with d > 2 be such that aj/aj ¢ C* for
each pair of subscripts i,j with 1 < | < j < d. Moreover, for every
i=1,...,d letmj1,...,my, € L be r; linearly independent elements

over C. Put ;
g=>) r
i=1

Then for every n € N such that {myaf : I =1,...,r,i=1,...,d}
is linearly dependent over C, but no proper subset of this set is
linearly dependent over C, we have

n<C=C(q,9,mip,ai:1=1,....r,i=1...,d).
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Sketch of the proof

Denote the coefficients of the polynomial aj(n) € L[n] by
ajo, aj1, - - - » ajm; Where mj is the degree of a;(n). So

mj
aj(n) = Z ajknk.
k=0

We may assume that t > 2. Let mj1,...,mj; be a maximal
C-linear independent subset of ajo, aj1, ..., ajm;- Then we can
write the sequence in the form

with complex polynomials bjj(n). We may assume that bj; # 0.
Moreover we assume that n is large enough such that bji(n) # 0
for all j,i.
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Sketch of the proof. Il

Consider the set M := {7TJ, i=1,.. ki, j=1,...,t}. If Mis
linearly dependent over C, then we choose a minimal linear
dependent subset M of M, ie. a linearly dependent subset M with
the property that no proper subset of M is linearly dependent. Let
G~,7 be the linear recurrence sequence associated with this subset
M, that is

s [ K
Go=>_ (D bii(n)mji | of
j=1 \i=1

for s < t and after a suitable renumbering of the summands. Since
Tj1, ..., Tk are C-linear independent we have s > 2. Applying
F.-Petho to

/\7’:: {Wjiaj’-':i:1,...,/?1-,1':1,...,5}

gives an upper bound for n. Thus for n large enough M cannot be
linearly dependent.
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Sketch of the proof. Il
Since for each fixed n we have bjj(n) € C*, the set
M = {bj;(n)ﬁj,'af = ].,...,kj,jz 1,...,t}.

is linearly independent over C and contains for each j =1,...,t at
least one element.

Let S be a finite set of places of L containing all zeros and poles of
aj for j=1,...,t and of the nonzero aj; for j=1,...,t and
i=1,...,mj as well as u and the places lying over co. Put

r = |M’'| and let the ¢;'s be the elements of M’. Applying
Zannier's theorem vyields

> v(Gn) - _min v (b(m)mjiaf) §<Zf§1kj) (1S|+2g-2),

where the bound on the right will be denoted by C;.
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Sketch of the proof. IV

Since each summand in the sum on the left hand side is
non-negative

M(Gn) — j:n11in . n (bj;(n)7rj,~ozj’-’) < (.
=1, ..k

Therefore for all jo=1,...,tand ip = 1,..., kj, we get
p(Gr) < Gt min (b))
=1,k
<G+p (bjoio(n)ﬁjoioa_;(’))
= C1 + 1 (7Tj0io) + np (a-iO)
=G+ nu(aj).

Since this holds for all jo =1,...,t we have

#(Gn) < G n- min p(y).
J:

geey
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Some open problems

@ Find and prove an analogous result for the growth of
multi-recurrences in the function field case.

@ Find and prove an analogous result for the growth of
recurrences without algebraic coefficients in the function field
case.
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A.J. van der Poorten in Some facts that should be better known,
especially about rational functions:

Recurrence sequences |[...] are popular amongst professionals and
amateurs alike. Yet it is peculiar difficult to find congenial
summaries of well known basic facts, whilst recent deep results
remain hidden in the technical literature. [...] But much of what |
write is influenced [...] by my being reminded, all too frequently,
that the well known is often not generally known, let alone known
well.

Thank you for your attention!
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